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ABSTRACT
T h i s  p a p e r  d e a l s  w i t h  c o n t i n u o u s  hom om orph ism s  o n  c o m p a c t  
t o p o l o g i c a l  s e m i g r o u p s  w i t h  p a r t i c u l a r  e m p h a s i s  o n  t h e  
p r o d u c t  n - c e l l .  Some a p p l i c a t i o n s  a r e  made c o n c e r n i n g  t h e  
e x i s t e n c e  o f  n - c e l l s  a n d  l o c a l  n - p a r a m e t e r  s e m i g r o u p s  i n  
c o m p a c t  s e m i g r o u p s ,  i n  p a r t i c u l a r ,  u n i q u e l y  d i v i s i b l e  
s e m i g r o u p s .
C h a p t e r  I  g i v e s  p r e l i m i n a r y  i n f o r m a t i o n  r e g a r d i n g  c l o s e d  
c o n g r u e n c e s  and  c o n t i n u o u s  hom om orph ism s  on  c o m p a c t  
s e m i g r o u p s .  S u f f i c i e n t  c o n d i t i o n s  f o r  a  c o m p a c t  s e m i g r o u p  
t o  a d m i t  o n l y  m o no to ne  hom om orph ism s a r e  o b t a i n e d .  E x a m p le s  
o f  s u c h  s p a c e  a r e  t h r e a d s  and  c o m p a c t  i d e m p o t e n t  s e m i g r o u p s  
i n  w h i c h  t h e  s e t s  d r ( x ) = {y I xy  = X1 and  
D ^ (x )  = {y I y x  = x} a r e  c o n n e c t e d  f o r  e a c h  x . The 
c a r t e s i a n  p r o d u c t  o f  two s e m i g r o u p s  ( w i t h  c o o r d i n a t e - w i s e  
m u l t i p l i c a t i o n ) , e a c h  o f  w h ic h  a d m i t s  o n l y  m onotone  
h o m o m o rp h ism s ,  n e e d  n o t  s a t i s f y  t h i s  p r o p e r t y .  I t  i s  show n,  
h o w e v e r ,  t h a t  i f  S a d m i t s  o n l y  m o n o to n e  hom om orph ism s  and  
T i s  a  c o m p a c t  i d e m p o t e n t  s e m i g r o u p  w i t h  I )^ (x )  a n d  
D-^(x) c o n n e c t e d  f o r  e a c h  x e T , t h e n  S x T a d m i t s  o n l y  
m ono tone  h om o m o rp h ism s .
I n  t h e  f i n a l  s e c t i o n  o f  C h a p t e r  I  , t h e  a c t i o n  o f  a
iv
hom omorphism  r e s t r i c t e d  t o  a n  'H' - c l a s s  i s  i n v e s t i g a t e d .
I t  i s  shown t h a t  a n  ^  - c l a s s  b e h a v e s  i n  a  m a n n e r  s i m i l a r  
t o  a  g r o u p  u n d e r  a  hom om orph ism ,  a n d ,  i n  f a c t ,  s i m u l a t e s  
t h e  a c t i o n  o f  a  hom omorphism  o n  t h e  S c h u t z e n b e r g e r  g r o u p  
o f  t h e  ‘l e f - c l a s s .  T h e s e  r e s u l t s  may a l s o  be  o b t a i n e d  
f r o m  a  t h e o r e m  o f  A n d e r s o n  a n d  H u n t e r .
I n  c h a p t e r  I I  a t t e n t i o n  i s  r e s t r i c t e d  t o  t h e  t w o - c e l l  a s  a  
p r o d u c t  o f  two t h r e a d s .  I f  S = I ^ x  I  w h e re  1^ i s  a  
m in  t h r e a d  and  I  i s  a n  a r b i t r a r y  t h r e a d ,  t h e n  e v e r y  
hom om orph ic  im age  o f  S i s  a  c y c l i c  c h a i n ,  i n  t h e  s e n s e  
o f  W hyburn ,  a n d  e a c h  t r u e  c y c l i c  e l e m e n t  i s  a  t w o - c e l l .  I f  
S i s  t h e  p r o d u c t  o f  u s u a l  o r  n i l p o t e n t  t h r e a d s ,  t h e n  e v e r y  
m o n o to n e  hom om orph ic  im age  o f  S i s  o f  t h e  fo r m  T = A U B 
w h e r e  A i s  a n  a r c  o r  a  p o i n t  a n a  a n  i d e a l  o f  T , B i s  
a  t w o - c e l l  o r  a  p o i n t ,  and  A D B = {p} w h e r e  p e Bd(B) 
an d  p i s  a n  e n d p o i n t  o f  A .
The r e s u l t s  o f  C h a p t e r  I I  a r e  u s e d  i n  C h a p t e r  I I I  t o  
e s t a b l i s h ,  u n d e r  c e r t a i n  c o n d i t i o n s ,  t h e  e x i s t e n c e  o f  n - c e l l s  
and  l o c a l  n - p a r a m e t e r  s e m i g r o u p s  i n  c o m p a c t  s e m i g r o u p s .  I t  
i s  shown t h a t  i f  S i s  a  c o m p a c t  s e m i g r o u p  w i t h  i d e n t i t y  
a nd  i f  t h e r e  e x i s t  two l o c a l  o n e - p a r a m e t e r  s e m i g r o u p s  w i t h  
d i s t i n c t  i m a g e s  i n  S , t h e n  t h e r e  i s  a  l o c a l  t w o - p a r a m e t e r  
s e m ig r o u p  i n  S . The n o t i o n  o f  l o c a l  i n d e p e n d e n c e  and  
i n d e p e n d e n c e  o f  t h r e a d s  i s  i n t r o d u c e d ,  a nd  i t  i s  shown t h a t
v
t h e  e x i s t e n c e  o f  two l o c a l l y  i n d e p e n d e n t  t h r e a d s  i n  a  
c o m p a c t  s e m ig r o u p  S w i t h  i d e n t i t y  g i v e s  r i s e  t o  a  t w o - c e l l  
i n  S c o n t a i n i n g  t h e  i d e n t i t y  i n  i t s  b o u n d a r y .  The 
e x i s t e n c e  o f  n  i n d e p e n d e n t  u s u a l  o r  n i l p o t e n t  t h r e a d s  
g i v e s  r i s e  t o  a  l o c a l  n - p a r a m e t e r  s e m ig r o u p  i n  S .
C h a p t e r  IV d e a l s  w i t h  u n i q u e l y  d i v i s i b l e  t o p o l o g i c a l  
s e m i g r o u p s .  A s t r u c t u r e  t h e o r e m  i s  g i v e n  f o r  c e r t a i n  t y p e s  
o f  u n i q u e l y  d i v i s i b l e  s e m i g r o u p s  on  a  t w o - c e l l .  I f  S i s  
a  co m p a c t  u n i q u e l y  d i v i s i b l e  s e m i g r o u p  s u c h  t h a t  E (S )  
i s  i s o m o r p h i c  t o  E ( l n ) (w h e re  I n  d e n o t e s  t h e  n - f o l d  
p r o d u c t  o f  u s u a l  i n t e r v a l s )  a n d  i f  e a c h  o f  t h e  m ax im al  
i d e m p o t e n t s  i n  E (S )  \  {1} i s  n o t  i s o l a t e d  f r o m  a b o v e ,  
t h e n  S c o n t a i n s  a n  i s e o m o r p h i c  im age  o f  I n  .
The c o n c e p t  o f  E - d i v i s i b i l i t y  i s  i n t r o d u c e d .  T h i s  p r o p e r t y  
i s  s t r o n g e r  t h a n  d i v i s i b i l i t y  b u t  w e a k e r  t h a n  u n i q u e  
d i v i s i b i l i t y .  I t  i s  shown t h a t  i f  S i s  a  u n i q u e l y  
d i v i s i b l e  t o p o l o g i c a l  s e m i g r o u p  w i t h  c e r t a i n  o t h e r  
r e s t r i c t i o n s ,  t h e n  e v e r y  hom omorphism  o f  S o n t o  a n  
E - d i v i s i b l e  s e m i g r o u p  i s  m o n o to n e .  F i n a l l y  a  p a r t i a l  c o n v e r s e ,  
i n  t h e  c a s e  t h a t  S i s  t o p o l o g i c a l l y  a  t w o - c e l l ,  i s  p r o v e d .
vi
CHAPTER I
1 . 1  PRELIMINARIES
A t o p o l o g i c a l  s e m i g r o u p  i s  a  H a u s d o r f f  t o p o l o g i c a l  s p a c e  
S w i t h  a  c o n t i n u o u s  a s s o c i a t i v e  m u l t i p l i c a t i o n ,  i . e .  a
c o n t i n u o u s  f u n c t i o n  m : S X S  -----> S s a t i s f y i n g
m ( a , m ( b , c ) )  = m ( m ( a , b ) ,  c ) .  As u s u a l ,  m ( a , b )  w i l l  be 
w r i t t e n  s i m p l y  a s  a b .  I n  t h i s  p a p e r ,  t h e  t e r m  
1 ' s e m i g r o u p ' ' w i l l  be u n d e r s t o o d  t o  mean t o p o l o g i c a l  
s e m i g r o u p : 1 .
A f u n c t i o n  f  f r o m  a  s e m i g r o u p  S i n t o  a  s e m ig r o u p  T w i l l  
be c a l l e d  a  homomorphism i f  f  i s  c o n t i n u o u s  and  s a t i s f i e s  
f ( a b )  = f ( a ) f ( b )  f o r  e v e r y  a , b  e S . I f ,  i n  a d d i t i o n ,  f  
i s  o n e - t o - o n e  and  h a s  a  c o n t i n u o u s  i n v e r s e , f  w i l l  be 
c a l l e d  a n  i s e o m o r p h i s m . We n o t e  t h a t  i f  S i s  c o m p a c t  and  
f  i s  o n e - t o - o n e ,  t h e n  f  i s  a n  i s e o m o r p h i s m .
A s u b s e m i g r o u p  L ( R , I )  o f  a  s e m i g r o u p  S i s  c a l l e d  a  l e f t  
( r i g h t . t w o - s i d e d ) i d e a l  o f  S i f
SL c  L(RS c  R, SI  U IS  U S IS  c  I ) .  A t w o - s i d e d  i d e a l  w i l l
be c a l l e d  a n  i d e a l .  A c o m p a c t  s e m ig r o u p  S c o n t a i n s  a
u n i q u e  m i n i m a l  i d e a l  K(S)  ( o r  m e r e l y  K) w h ic h  i s
com pact  [ 2 5 ] .  K (S )  i s  c a l l e d  t h e  k e r n e l  o f  S .
22An e l e m e n t  e e S s a t i s f y i n g  e = e i s  c a l l e d  a n  
i d e m p o t e n t  and  t h e  s e t  o f  i d e m p o t e n t s  o f  S i s  d e n o t e d  by 
E (S)  ( o r  m e r e l y  E ) . I f  S i s  c o m p a c t ,  E ( S )  /  0 [ 2 5 ] .
A s u b s e t  £  o f  S X S i s  c a l l e d  a  c o n g r u e n c e  i f  i s
a n  e q u i v a l e n c e  r e l a t i o n  ( r e f l e x i v e ,  s y m m e t r i c ,  and 
t r a n s i t i v e )  and  i f  f o r  ( x , y )  e  and z e  S , ( z x , z y ) e ( ^
and ( x z , y z )  e . I t  f o l l o w s  t h a t  i s  a  s u b s e m i g r o u p
o f  S x S  u n d e r  c o o r d i n a t e - w i s e  m u l t i p l i c a t i o n .  F o r  x  e S , 
t h e  c o n g r u e n c e  c l a s s  o f  x  modulo  a  c o n g r u e n c e  ^  i s  
d e n o t e d  by  C . W e  may d e f i n e  a  m u l t i p l i c a t i o n  i n  t h e
g
q u o t i e n t  s p a c e  / r  by  C C = C I f  S i s  c o m p a c tx y xy g
and  ^  i s  a  c l o s e d  c o n g r u e n c e  o n  S , t h e n  /g  i s  a  
t o p o l o g i c a l  s e m i g r o u p  u n d e r  t h e  a b o v e  m u l t i p l i c a t i o n  a n d  
t h e  u s u a l  q u o t i e n t  t o p o l o g y .  The n a t u r a l  map,
Q
cp : S — > / p  , i s  a  hom om orphism .
I f ,  c o n v e r s e l y ,  we a r e  g i v e n  a  hom omorphism f  f r o m  a  
com pac t  s e m i g r o u p  S o n t o  a  c o m p a c t  s e m ig r o u p  T a n d  i f  
g  i s  d e f i n e d  b y  £  = { ( x , y )  e  S x S | f ( x )  = f  ( y ) } , 
t h e n  Q, i s  a  c l o s e d  c o n g r u e n c e  a n d  T i s  i s e o m o r p h i c  t o
CJ
/ p  . The a b o v e  r e m a r k s  a r e  a l l  w e l l  known and may be  
fo u n d , -  f o r  e x a m p l e ,  i n  [ 1 3 ] .
I f  S i s  a  c o m p a c t  s e m ig r o u p  and  x  e S , t h e  s e t
F ( x )  = { x , x 2 , x ^ ,  . . . , x n , . . . } *  i s  a  c o m p a c t  c o m m u ta t iv e
s u b s e m i g r o u p  o f  S (A* d e n o t e s  t h e  t o p o l o g i c a l  c l o s u r e  o f
3A ) .  The k e r n e l  K (x )  o f  r ( x )  i s  a  c o m p a c t  s u b g r o u p  o f  
r ( x ) , a n d  c o n s i s t s  o f  t h e  c l u s t e r  p o i n t s  o f  t h e  s e t  
{x t x , . . .  , x  , [14 ] .
C e r t a i n  n a t u r a l  e q u i v a l e n c e  r e l a t i o n s ,  c a l l e d  t h e  G r e e n ' s  
r e l a t i o n s ,  p l a y  a n  i m p o r t a n t  r o l e  i n  t h e  t h e o r y  o f  
s e m i g r o u p s .  To f a c i l i t a t e  t h e  d i s c u s s i o n  o f  t h e s e
r e l a t i o n s ,  we i n t r o d u c e  t h e  f o l l o w i n g  n o t a t i o n :  i f  S i s
1 1 a  s e m i g r o u p  t h e  sym bol  S i s  d e f i n e d  b y  ( i )  S = S i f
S h a s  a n  i d e n t i t y  e l e m e n t  ( a n  e l e m e n t  1 s u c h  t h a t
1x = x1 = x f o r  a l l  x e S ) ; ( i i )  i f  S h a s  no i d e n t i t y  
*
e l e m e n t ,  S = S U {1} w h e r e  1 ^  S , 1 i s  i s o l a t e d  i n
1 1 S a n d  1 x  =  x 1  = x  f o r  a l l  x  e  S . The r e l a t i o n s
> 6{ » > Q  » a r e  d e f i n e d  a s  f o l l o w s :
ef = { ( * , y )  I S1X = S1y }  ,
d{ = { ( x , y )  | x S 1 = y S 1 }
n  = X  n <R.
o £  = { ( x , y )  | t h e r e  e x i s t s  z e S s u c h
t h a t  ( x , z )  e a n d  ( z , y )  z £. } , 
and  £  = {( x , y )  | S1 x  S 1 = S1yS~1 } .
I n  g e n e r a l  t h e s e  r e l a t i o n s  a r e  n o t  c o n g r u e n c e s .  H o w ev e r ,  
i f  S i s  c o m m u t a t iv e  a l l  o f  t h e  r e l a t i o n s  c o i n c i d e  a n d  
a r e  c o n g r u e n c e s .  I f  S i s  c o m p a c t  t h e  G r e e n ' s  r e l a t i o n s  
a r e  c l o s e d .  A f u l l  d i s c u s s i o n  o f  t h e s e  r e l a t i o n s  may be
4f o u n d  i n  [ 5 ] ,  [ 1 1 ] ,  a n d  [ 1 3 ] .
An e q u i v a l e n c e  c l a s s  m odu lo  ^  i s  c a l l e d  a n  ^  - c l a s s  and
i s  d e n o t e d  by  H w h e r e  x may "be any  e l e m e n t  i n  t h e  £/■- 
c l a s s .  I f  S i s  c o m p a c t ,  t h e n  a n  ^ - c l a s s  i s  a  c o m p a c t  
t o p o l o g i c a l  g r o u p  i f  a n d  o n l y  i f  t h e  c l a s s  c o n t a i n s  a n  
i d e m p o t e n t .  T h e r e  i s ,  h o w e v e r ,  a  com pac t  t o p o l o g i c a l  
g r o u p  a s s o c i a t e d  i n  a  n a t u r a l  way w i t h  e v e r y  ^  - c l a s s .  
T h i s  g r o u p  i s  c a l l e d  t h e  S c h u t z e n b e r g e r  g r o u p  o f  t h e
- c l a s s ,  l e t  H be  t h e  ^ - c l a s s  o f  x  i n  a  c o m p a c t  
s e m i g r o u p  S a n d  l e t
T h en  T(H ) i s  a  c o m p a c t  s u b s e m i g r o u p  o f  S . D e f i n e  aX
r e l a t i o n  ^  o n  T(HX) by
( l e f t )  S c h u t z e n b e r g e r  g r o u p  o f  H . The r i g h t  
S c h u t z e n b e r g e r  g r o u p  ]^ (HX) i s  d e f i n e d  a n a l o g o u s l y  a n d  i s  
a n t i - i s o m o r p h i c  t o  ^,(H ) . The common n o t a t i o n  f o r  e a c h
i s  r ( H  ) .  r ( h  ) i s  h o m eo m orp h ic  t o  H . I f  e e E ,
X  X  X
r ( H  ) i s  i s e o m o r p h i c  t o  H. . I f  ( x , y )  e JBT , r (H ) i s
6  6  X
i s e o m o r p h i c  t o  r (H ) .  The p r e c e e d i n g  r e s u l t s  may be  f o u n d
J
T(HX) = { t  e S 1 | tHx fl Hx /  0} .
^  = { ( t 1 , t 2 ) £ T(HX) T(HX) | ^ h  = t 2h  f o r
e v e r y  h e Hx } .
T hen  ^  i s  a  c l o s e d  l e f t  c o n g r u e n c e  on  T (HX) and
i s  a  co m p a c t  t o p o l o g i c a l  g r o u p ,  t h e
5i n  s e v e r a l  r e f e r e n c e s ,  among w h i c h  a r e  [ 5 ] ,  and  [ 1 3 ] .
The f o l l o w i n g  w e l l  known t h e o r e m  may be  s t a t e d  i n  a  more 
g e n e r a l  f o r m  [ 1 3 ] .  We s t a t e  i t  h e r e ,  w i t h o u t  p r o o f ,  i n  
a n  a p p r o p r i a t e  g e n e r a l i t y  f o r  o u r  a p p l i c a t i o n  i n  t h i s  
c h a p t e r .
I n d u c e d  homomorphism  t h e o r e m : L e t  S , S ! , T , T '  be  c om p ac t
s e m i g r o u p s ,  a : T  — > S , a '  :T '  — > S '  hom om orph ism s o n to  
S , S '  , and  f : T  — > T '  a  ho m om orph ism .  L e t  6{ , 
be  c l o s e d  c o n g r u e n c e s  o n  T , T '  r e s p e c t i v e l y .  I f  
( f  x f ) ( ^  ) c  6{' , t h e n  t h e r e  e x i s t s  a  homomorphism
f * : S — > S '  s u c h  t h a t  t h e  f o l l o w i n g  d i a g r a m  i s  c o m m u t a t i v e :
S '
a '
T »
1 . 2  CLOSED CONGRUENCES ON COMPACT SEMIGROUPS.
D e f i n i t i o n  1 , 2 . 1 .  L e t  S be  a  co m p a c t  s e m i g r o u p  and  . 
x  e S . T hen
Dl ( x )  = {t  e S 1 | K ( x ) t  c: K ( x ) }
D r ( x )  = { t  £ S 1 | t k ( x )  c :  K (x )}
S
/K
f *
6T heo rem  1 . 2 , 2 .  D-j-^x) = {t  £ S1 | K ( x ) t  = K (x )}
*
= { t  e S | a t  e K (x )}  w h e re  a  i s  a n y  e l e m e n t  o f  K (x)  . 
F u r t h e r m o r e  D j / x )  i s  a  c l o s e d  s u h s e m i g r o u p  o f  S . (Of 
c o u r s e ,  t h e  c o r r e s p o n d i n g  t h e o r e m  h o l d s  f o r  DR( x ) ) .
P r o o f . C l e a r l y  PL ( x )  => { t | K ( x ) t  = K ( x ) } .  l e t  t  £ PL (x )  ; 
t h e n  K ( x ) t  c: K ( x ) . L e t  a  £ K (x )  , e ' t  = h £ K ( x ) , and  3  
z e K (x )  s u c h  t h a t  zh  = a  ( e  d e n o t e s  t h e  i d e n t i t y  o f  
K ( x ) ) .  T hen  ze  t  = zb  = a  a n d  h e n c e  K ( x ) t  = K (x )  andA
D ^(x)  = { t | K ( x ) t  = K ( x ) } .  The se co n d  e q u a l i t y  i s  j u s t  a s  
e a s y  t o  e s t a b l i s h .
I f  t 1,±2 e PL ( x ) , t h e n
K ^ x H ^ t ^  = ( K ( x ) t 1 ) t g  c  K C xJ tg  c  K ( x ) ;  h e n c e  DL (x )  i s  
s u h s e m i g r o u p .  To show t h a t  D -^x)  i s  c l o s e d ,  l e t  
{ ta |a,£ T} be  a  n e t  i n  I>L ( x )  su c h  t h a t  t  — > t  . T h en  
K ( x ) t a  — > K ( x ) t  s i n c e  K (x)  i s  c o m p a c t ,  and  t h e r e f o r e  
K ( x ) t  ci K (x)  , a g a i n  u s i n g  t h e  c o m p a c t n e s s  o f  K ( x ) .
T heorem  1 . 2 . 5 .  l e t  p  be a  c l o s e d  r i g h t  c o n g r u e n c e  on  S 
s u c h  t h a t  ( a , a x )  £ p  f o r  some a , x  £ S . T h en  
{a} x a l L (x )  t= £  .
2P r o o f . S i n c e  ( a , a x )  £ p  , ( a x , a x  ) e £  , a n d  by  t h e  
t r a n s i t i v i t y  o f  jS , we h a v e  ( a , a x  ) e p  . R e p e a t i n g  
t h e  p r o c e d u r e ,  we g e t  C a x , a x  ) £ £  a n d  a g a i n  by  
t r a n s i t i v i t y  we h a v e  ( a , a x  ) e p  . C o n t i n u i n g  i n  t h i s
7m a n n e r ,  we h a v e ,  f o r  e v e r y  p o s i t i v e  i n t e g e r  n ,
( a , a x n ) e JS . S i n c e  e a c h  p o i n t  k  e K (x )  i s  a  c l u s t e r  
p o i n t  o f  t h e  s e q u e n c e  {xn } and  s i n c e  £  i s  a  c l o s e d  
c o n g r u e n c e ,  we c o n c l u d e  t h a t  ( a , a k )  e £  f o r  e v e r y  
k  e K ( x ) .
Now l e t  t  e LL ( x )  . T h en  s i n c e  ( a , a x n ) e £  f o r  e v e r y  
p o s i t i v e  i n t e g e r  n  , we h a v e  ( a t , a x n t )  e £  f o r  e a c h
n  . T h en  ( a t ,  a  e t )  e £  , h u t  e t  = k  e K (x)  hyX A
t h e  d e f i n i t i o n  o f  Dj j( x ) . Hence ( a t , a k )  e £  , a n d  f ro m
t h e  p r e c e e d i n g  p a r a g r a p h ,  we h a v e  ( a , a k )  e £  . T h e r e f o r e
( a , a t )  e Q, f o r  e a c h  t  e ^ ( x )  , and  t h e  t h e o r e m  i s  
p r o v e d .
S e f i n i t i o n  1 . 2 . 4 .  L e t  S he a  c o m p a c t  c o m m u t a t i v e  
s e m i g r o u p ,  A a  c l o s e d  s u h h e t  o f  S and  a  e S . T hen  
^  ( a , A )  = { ( a x , a y )  | ( x , y )  e S1 x S 1 and  ( a x ) A  = (ay)A}(J A .
I t  i s  t r i v i a l  t o  show t h a t  £  ( a , A )  i s  a  c l o s e d  c o n g r u e n c e
on  S .
Theorem  1 . 2 . 5 .  I f  S i s  a  c o m p a c t  c o m m u t a t i v e  s e m i g r o u p  
and  a , x  e S , t h e n  t h e  s m a l l e s t  c l o s e d  c o n g r u e n c e  o n  S 
c o n t a i n i n g  t h e  p a i r  ( a , a x )  i s  £ - ( a , K ( x ) ) .
P r o o f . We f i r s t  n o t e  t h a t  t h e r e  i s  a  u n i q u e  m in i m a l  
c o n g r u e n c e  on  S c o n t a i n i n g  ( a , a x ) , n a m e ly  t h e  
i n t e r s e c t i o n  o f  a l l  c l o s e d  c o n g r u e n c e s  on  S c o n t a i n i n g
8( a , a x ) . L e t  £  d e n o t e  t h i s  c o n g r u e n c e .  To show t h a t  
( a , K ( x ) ) ,  i t  w i l l  s u f f i c e  t o  show t h a t  
( a , a x )  e £  ( a , K ( k ) ) ;  t h e  d e s i r e d  c o n t a i n m e n t  w i l l  f o l l o w  
f r o m  t h e  m i n i m a l i t y  o f  £  . H o w ev e r ,  s i n c e  x K (x )  = K ( x ) ,
we h a v e  ( a x ) K ( x )  = a K (x )  a nd  h e n c e  ( a , a x )  e £ ( a , K ( x ) ) .
How l e t  ( c , d )  e ^ ( a , K ( x ) ) .  I f  ( c , d )  £ A, t h e n  
( c , d )  e £  . S up p ose  ( c , d )  = ( w a , y a )  and  t h a t
( w a )K (x )  = ( y a ) K ( x ) . T h e n  ( a , a x )  e £  i m p l i e s  t h a t
(w a ,w a x )  e g  , and  f r o m  T heorem  1 . 2 . 3 ,  we h a v e  ( w a , w a t )  e £  
f o r  a l l  t  £ Dl ( x )  = D ( x ) . ( S i n c e  S i s  c o m m u t a t iv e
D^Cx) a n d  DR ( x )  c o i n c i d e  a n d  w i l l  be d e n o t e d  by  D ( x ) ) .
I n  p a r t i c u l a r ,  s i n c e  e e D ( x ) , (wa ,wae  ) £ £  . ButA A '
s i n c e  (w a )K (x )  = ( y a ) K ( x ) , we h a v e ,  f o r  some k  e K ( x ) , 
w aex  = * 30 ( w a , y a k )  £ £  . W e  a l s o  h a v e
( y a , y a x )  e g  , and a g a i n  by  T heorem   ^ . 2 . 3 ,  ( y a , y a k )  e 
( s i n c e  k e D ( x ) ) .  By t h e  t r a n s i t i v i t y  o f  , we c o n c l u d e
t h a t  ( w a , y a )  = ( c , d )  e £  . Hence  ?  = £  ( a , K ( x ) ) .  T h i s
c o n c l u d e s  t h e  p r o o f .
S e v e r a l  com m ents  on  t h e  c o n g r u e n c e  £ ( a , K ( x ) )  w i l l  be made 
b e l o w  w i t h o u t  p r o o f .
I n  t h e  f o l l o w i n g ,  S i s  a  c o m p a c t  c o m m u ta t iv e  s e m i g r o u p  
and  a , x  a r e  p o i n t s  o f  S .
(A) The n o n - d e g e n e r a t e  c o n g r u e n c e  c l a s s e s  m odulo
9£ ( a , K ( x ) )  a r e  u n i o n s  o f  t r a n s l a t e s  o f  D (x)  by  e l e m e n t s  
o f  S a  . E v e r y  s u c h  t r a n s l a t e  i s  c o n t a i n e d  i n  a  m ax im a l  
t r a n s l a t e .
(B) The t r a n s l a t e s  o f  D (x )  m a k in g  up  a  c o n g r u e n c e
c l a s s  C h a v e  n o n - v o i d  i n t e r s e c t i o n .  I n  f a c t ,  f o r
z e C , zK(x)  cr fl cD(x)  .
’ ceC
(C) I t  f o l l o w s  f r o m  (B) t h a t  i f  D (x )  i s  c o n n e c t e d  t h e n  
t h e  c o n g r u e n c e  £  ( a , K ( x ) )  i s  m o n o t o n e .
(D) I f  t h e  p r i n c i p a l  i d e a l s  o f  S a r e  t o t a l l y  o r d e r e d  
a n d  i f  D(x)  i s  c o n n e c t e d  f o r  e a c h  x  e S , t h e n  e v e r y  
c o n g r u e n c e  on  S i s  m o n o to n e .  T h i s  f o l l o w s  f r o m  ( C ) ,
t h e  m i n i m a l i t y  o f  j o ( a , K ( x ) ) ,  and  t h e  f a c t  t h a t ,  f o r
1 1 a , b  e S , e i t h e r  a  £ bS o r  b e aS
it t h r e a d  i s  a n  ex am p le  o f  a  s e m i g r o u p  w h i c h  a d m i t s  o n l y  
m o n o to n e  hom om orph ism s,  ( P h i l l i p s  [ 2 0 ] ) ,  a n d  (D) p r o v i d e s  
a  somewhat  more g e n e r a l  c l a s s  o f  s e m i g r o u p s  w i t h  t h i sr
p r o p e r t y .  The h y p o t h e s e s  o f  (D) a r e  s t i l l  r a t h e r  
r e s t r i c t i v e  h o w e v e r .  The f o l l o w i n g  t h e o r e m  g i v e s  a  w e a k e r  
s e t  o f  s u f f i c i e n t  c o n d i t i o n s '  f o r  a  s e m i g r o u p  t o  a d m i t " " o n ly  
m o n o to n e  h om om orph ism s .
T heorem  1 . 2 . 6 .  L e t  S b e  a  c o m p a c t  s e m i g r o u p  s a t i s f y i n g
9o-
•i
( i )  f o r  a , b  e S ,  t h e r e  e x i s t s  e e S s u c h
1t h a t  e i t h e r  ae  = a  a n d  he £ aS , o r
i
he = b a nd  ae  e hS , an d
( i i )  ^ ( x )  c o n n e c t e d  f o r  e a c h  x  e S .
T h e n  e v e r y  c l o s e d  l e f t  c o n g r u e n c e  o n  S i s  m o n o to n e .
P r o o f . L e t  p  he a  c l o s e d  l e f t  c o n g r u e n c e  o n  S a n d  l e t
-1
( a , b )  e £  . T h en  t h e r e  e x i s t s  e e S s a t i s f y i n g  one  o f
t h e  two c o n d i t i o n s  o f  ( i ) . We w i l l  a s sum e  t h a t  ae  = a
"I
an d  be = a x  f o r  some x  £ S . T h en  ( a , b )  £ £  
i m p l i e s  t h a t  ( a e , b e )  = ( a , a x )  e , a n d  b y  T heorem  1 . 2 . 3 ,
We h a v e  t h a t  {a} x a D ^ ( x )  c  £  , o r  t h a t  a D ^ (x )  i s
c o n t a i n e d  i n  t h e  c o n g r u e n c e  c l a s s  c o n t a i n i n g  a  a n d  b .
The s e t  a D ^ ( x ) c o n t a i n s  a  and  a x  and  i s  c o n n e c t e d  by 
( i i ) , A l s o ,  s i n c e  ( a , b )  e £  a n d  ( a e , b e )  = ( a , b e )  £ £  
we h a v e  ( b , b e )  e £  a n d  a g a i n  by T heorem  1 . 2 . 3 ,  t h e  s e t  
bDL ( e )  i s  c o n t a i n e d  i n  t h e  c o n g r u e n c e  c l a s s  c o n t a i n i n g  a  
an d  b . The s e t  bD-^(e) i s  c o n n e c t e d  a n d  c o n t a i n s  b 
and  be  = a x  . We now h a v e  a , b  £ aD-j-^x) U bI>L ( e )  a n d  
t h i s  s e t  i s  c o n n e c t e d  ( s i n c e  ax  e aDL (x )  fl bDL ( e ) )  a n d  i s  
c o n t a i n e d  i n  t h e  c o n g r u e n c e  c l a s s  o f  a  a nd  b . S i n c e  
a  and  b w e r e  c h o s e n  t o  be  a r b i t r a r y  e l e m e n t s  o f  a n  
a r b i t r a r y  c o n g r u e n c e  c l a s s ,  i t  f o l l o w s  t h a t  £  i s  m o n o to n e .
C o r o l l a r y  1 . 2 . 7 .  E v e r y  l e f t  ( r i g h t )  c o n g r u e n c e  o n  a  t h r e a d  
T i s  m o n o to n e .  ( T h i s  t h e o r e m  i s  o r i g i n a l l y  due t o
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P h i l l i p s  [ 2 0 ] ) .
P r o o f . f o r  a , b  e  T , t a k e  e = 1 . T h i s  g i v e s  c o n d i t i o n
( i ) . To s e e  t h a t  c o n d i t i o n  ( i i )  i s  s a t i s f i e d ,  we n o t e  
t h a t ,  f o r  x  e T , DL (x )  = DR (x )  i s  t h e  a r c  [ f ' , 1 ]  w he re
f 1 = s u p { f  e E (T )  | f x  = f }  . (A d i s c u s s i o n  o f  t h e  
s t r u c t u r e  o f  t h r e a d s  may he  f o u n d  i n  [ 1 8 ] ) .
C o r o l l a r y  1 . 2 . 8 .  I f  S i s  a  c o m p a c t  i d e m p o t e n t  
s e m i g r o u p  w i t h  DL ( x )  c o n n e c t e d  f o r  e a c h  x  e S , t h e n  
e v e r y  l e f t  ( r i g h t )  c o n g r u e n c e  on  S i s  m o n o to n e .
P r o o f . -  C o n d i t i o n  ( i i )  o f  T heorem  1 . 2 . 6  i s  g i v e n  i n  t h e  
h y p o t h e s i s .  F o r  c o n d i t i o n  ( i ) ,  t a k e  e = a  an d  x  = b .
S i n c e  a  homomorphism o f  a  s e m i g r o u p  S g i v e s  r i s e  t o  a  
c l o s e d  c o n g r u e n c e  o n  S , a  s e m i g r o u p  w h i c h  a d m i t s  o n l y  
m o n o to n e  l e f t  ( r i g h t )  c o n g r u e n c e s  a l s o  a d m i t s  o n l y  
m o n o to n e  h o m o m o rp h ism s .  I f  S a n d  T a r e  s e m i g r o u p s  w h ic h  
a d m i t  o n l y  m ono tone  h o m o m orph ism s ,  t h e  p r o d u c t  S x T  
n e e d  n o t  h a v e  t h i s  p r o p e r t y .  An e x am p le  i s  t h e  p r o d u c t  o f  
two u s u a l  t h r e a d s  ( s e e  2 . 5 ) .  H o w ev e r ,  t h e  f o l l o w i n g  
t h e o r e m  ( i n  t h e  more g e n e r a l  c o n t e x t  o f  o n e - s i d e d  c o n g r u e n c e s )  
i s  a  r e s u l t  i n  t h i s  d i r e c t i o n .
T heorem  1 . 2 . 9 .  P e t  S be  a  c o m p a c t  s e m i g r o u p  w i t h  a n  
i d e n t i t y  and  l e t  T be a  c d m p a c t  i d e m p o t e n t  s e m i g r o u p  
w i t h  P-^(x) c o n n e c t e d  f o r  e a c h  x  e T . I f  S a d m i t s
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o n l y  m o no to n e  l e f t  c o n g r u e n c e s ,  t h e n  so a l s o  d o e s  S x  T .
P r o o f . L e t  a  = ( s ^ t ^ ) ,  h = ( s 2 , t 2 ) e  SxT a n d  su p p o s e
( a , b )  e £  w h e re  £  i s  a  c l o s e d  l e f t  c o n g r u e n c e  o n  S x T .
L e t  u 1 , u 2 d e n o t e  t h e  i d e n t i t y  e l e m e n t s  o f  S a n d  T
r e s p e c t i v e l y  ( o b s e r v e  t h a t  s i n c e  ^ ( x )  ( x  e T) c o n t a i n s
1
t h e  i d e n t i t y  o f  S and  i s  c o n n e c t e d ,  t h e  i d e n t i t y  c a n n o t
b e  i s o l a t e d  i n  S ; h e n c e  S m u s t  h a v e  a n  i d e n t i t y ) .  L e t
e _1 = (u 1, t 1 ) and  e 2 = ( U | , t 2 ) .  T h e n  a e 1 = a  and
b e 2 = b . So ( a , b )  e £  i m p l i e s  t h a t
( a e ^ b e ^ )  = ( a ,  be .])  e £  a n d  ( a e 2 , b e 2 ) = ( a e 2 , b )  e £
By t r a n s i t i v i t y ,  we h a v e  ( a , a e 2 ) e £  a n d  ( b , b e ^ )  e £  
Prom ( a , a e 2 ) e £  and  T heorem  1 . 2 . 3 ,  we h a v e  t h a t  
a ® l / e 2  ^ ^  C w^ e r e  ^ d e n o t e s  t h e  c o n g r u e n c e  c l a s s  
c o n t a i n i n g  a  a nd  b . The s e t  aDjj( e 2 ) i s  a  c o n n e c t e d  
s e t  c o n t a i n i n g  a  a n d  a e 2 . S i m i l a r l y  b D ^ t e ^ )  c: C and 
b D ^ ( e ^ )  i s  a  c o n n e c t e d  s e t  c o n t a i n i n g  b a n d  be^
Now a e 2 , be^ e S x { t ^ 1 2 } w h i c h  i s  i s e o m o r p h i c  t o  S . I t  
i s  e a s y  t o  s e e  t h a t  p  fl ( S x  {i; 11 2 }) x ( S x  i s
a  c l o s e d  l e f t  c o n g r u e n c e  o n  S x  and
h y p o t h e s i s  t h e n  i s  a  m o no to n e  l e f t  c o n g r u e n c e .  T h i s  means 
t h a t  t h e  i n t e r s e c t i o n s  o f  c o n g r u e n c e  c l a s s e s  modulo ^  
w i t h  S x {t ^ 1 2 } a r e  c o n n e c t e d .  I n  p a r t i c u l a r  
C fl S x  { ^ t 2 } i s  c o n n e c t e d  and  c o n t a i n s  a e 2 and  be^ . 
H e n c e ,  t h e  s e t  a D ^ ( e 2 ) U .bD^Ce^) U(c H S x  { t 1 t 2 }) cr C , 
an d  i s  a  c o n n e c t e d  s e t  c o n t a i n i n g  a  and b  . I t  f o l l o w s
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t h a t  £  i s  m o n o to n e .
C o r o l l a r y  1 . 2 . 1 0 .  The c a r t e s i a n  p r o d u c t  o f  a n  a r b i t r a r y  
t h r e a d  w i t h  a  m in  t h r e a d  ( s e e  2 . 1 ) a d m i t s  o n l y  m ono to n e  
h o m o m o r p h i s m s .
The p r e c e e d i n g  t h e o r e m s ,  e s p e c i a l l y  1 . 2 . 3  , w i l l  be u s e f u l  
i n  c h a p t e r s  2 a n d  4 .
1 . 3  HOMOMORPHISMS AND ^ -C L A S S E S
The o b j e c t  o f  t h i s  s e c t i o n  i s  t o  i n v e s t i g a t e  t h e  b e h a v i o r  
o f  a n  - c l a s s  u n d e r  t h e  a c t i o n  o f  a  hom om orph ism .  I t  
w i l l  be o b s e r v e d  t h a t  u n d e r  a  hom omorphism  a n  ^ - c l a s s  
d e c o m p o s e s  i n t o  h o m eo m o rp h ic  c l a s s e s  i n  a  m a n n e r  s i m i l a r  
t o  a  g r o u p ,  a n d ,  i n  f a c t ,  t h i s  d e c o m p o s i t i o n  r e f l e c t s  t h e  
d e c o m p o s i t i o n  o f  t h e  S c h u t z e n b e r g e r  g r o u p  o f  t h e  9 ^  - c l a s s  
u n d e r  a  g r o u p  h o m om orph ism .  T h e s e  r e s u l t s  may a l s o  be 
o b t a i n e d  f r o m  a  t h e o r e m  o f  A n d e r s o n  and H u n t e r  [ 2 ] .
F o r  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n ,  S and S '  w i l l  d e n o t e  
com p ac t  s e m i g r o u p s  and f  a  hom omorphism  f r o m  S o n t o  
S '  . L e t  x e S , x '  = f ( x )  e S '  , and
T = {t  e S | t H x  c  Hx ) ,
T« = {t« e S '  | t ' H x , c: Hx ,}
5^  = { (1 1 , 1 2 ) e T x T  | t ^ h  -  t 2h  f o r  a l l  h  e Hx } ,
£ '=  { ( t ^ j t £ )  e T ' x T '  | t ^ h '  = t g h '  f o r  a l l  h* e Hx , }.
Lemma 1 . 3 . 1 .  f ( H „ )  c: H„,  .
P r o o f .  I f  y e H „ .  t h e n  S1y  =; S1x  a n d  y S 1 = x S 1 .
~ A
T h en  ( S ' ) 1f ( y )  = f ( S 1y )  = f ( S 1x)  = ( S » ) 1x ’ , so 
( x ' , f ( y ) )  e <3? . S i m i l a r l y ,  ( x ' , f ( y ) )  e ^
Lemma 1 . 3 . 2 .  f ( T )  c  T'  .
P r o o f . L e t  t e l .  T hen  f ( t ) f ( H x ) = f ( t H x ) c= f ( H x ) c  Hx , ,
so t h a t  f ( t ) H , fl H „ t V  0  . T h i s  i m p l i e s  t h a t
A A
f ( t ) H vl  cr H , so t h a t  f ( t )  s T'  .
A A
Lemma 1 . 3 . 3 .  ( f x f ) ( J  ) c
P r o o f . L e t  ( t 1 , t g )  £ A  • T hen  f o r  h  e Hx , we h a v e  
f ( t 1 ) f ( h )  = f t ^ h )  = f ( t 2h )  = f ( t 2 ) f ( h )  , an d  h e n c e  
f ( t 1 ) h ' = f ( t 2 ) h '  f o r  a l l  h '  e f ( H x ) . I t  f o l l o w s ,  [ 5 ] ,  
t h a t  f C t ^ h *  = f ( t 2 ) h '  f o r  a l l  h* e Hx , and  t h e r e f o r e
( f ( t 1 ) , f ( t 2 ) e ^ ' .
T heorem  1 . 3 . 4 .  T h e r e  i s  a  hom omorphism  f *  f r o m  ^  (H ) i n t o  
r ( H x , ) s u c h  t h a t  t h e  f o l l o w i n g  d i a g r a m  com m utes :
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The maps a an d  a 1 a r e  t h e  n a t u r a l  m a p s ,  a n d  cp, cp1 a r e  
h o m eo m o rp h ism s  o n t o  H__ a n d  H , d e f i n e d  by c p ( a ( t ) )  = t x  ,
X x.
cp 1 ( a  * ( t ' ) )  = t ' x '  , r e s p e c t i v e l y .
P r o o f . The e x i s t e n c e  o f  a  hom om orph ism  f *  s u c h  t h a t  t h e  
b o t t o m  h a l f  o f  t h e  a b o v e  d i a g r a m  com m utes  i s  o b t a i n e d  
f r o m  lemma 1 .3.3 a n d  t h e  i n d u c e d  homomorphism t h e o r e m .  To 
c h e c k  c o m m u t a t i v i t y  o f  t h e  u p p e r  h a l f  o f  t h e  d i a g r a m ,  
c h o o s e  t  e T . T h en
( f  o cp) (a ( t )) = f ( q p ( a ( t ) ) )  = f  ( t x )  .
A l s o
(cp o f * )  ( a  ( t ) )  = < p ' C f * ( a ( t ) ) )  = q » ' ( a ' ( f ( t ) ) )
= f ( t ) x '  = f ( t ) f ( x )  = f ( t x ) .
Hence  f  o op = cp ’ o f *  . T h i s  c o n c l u d e s  t h e  p r o o f .
Theorem  1 . 3 . 5 .  I f  a n d  C2 a r e  c o n g r u e n c e  c l a s s e s  o f
S modulo  t h e  c l o s e d  c o n g r u e n c e  a s s o c i a t e d  w i t h  f  , t h e n  
Cl 0 Hx i s  h om eo m o rph ic  t o  C2 D Hx  a nd  e a c h  o f  t h e s e  
i n t e r s e c t i o n s  i s  h om eo m orph ic  t o  t h e  c o m p a c t  g r o u p  
K = k e r n e l  ( f * ) .  T h e r e f o r e  a n  ^ - c l a s s  d e c o m p o s e s  u n d e r  
a  hom omorphism  i n t o  hom eom orp h ic  g r o u p  s p a c e s .
P r o o f .  Prom t h e  d i a g r a m  i n  T heorem  1 . 3 . 4 ,  i t  i s  t r i v i a l  
t o  se e  t h a t ,  f o r  g., , g 2 s r (Hx ) , f * ( g 1 ) = f * ( g 2 ) i f  a n d  o n l y 
i f  f ( c p ( g1 ) )  = f ( c p ( g 2 ) )  • T h e n ,  s i n c e  cp i s  a  o n e - t o - o n e  
f u n c t i o n  o n t o  H , cp maps t h e  c o s e t s  o f  G m odu lo  
K = k e r ( f * )  h om eo m o rph ic  a l l y  o n t o  t h e  s e t s  C fl HX
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w h e r e  C i s  a  c o n g r u e n c e  c l a s s  o f  S m od u lo  t h e  c l o s e d  
c o n g r u e n c e  a s s o c i a t e d  w i t h  f  . S i n c e  e a c h  o f  t h e  c o s e t s  
o f  G m odulo  K i s  hom eom orph ic  t o  K , t h e  t h e o r e m  f o l l o w s .
CHAPTER II
2 .1  PRELIMINARIES
D e f i n i t i o n  2 . 1 . 1 .  A t h r e a d  i s  a  s e m ig r o u p  w hose  
u n d e r l y i n g  s p a c e  i s  a  c l o s e d  i n t e r v a l  o f  r e a l  n u m b ers  an d  
w h i c h  h a s  t h e  p r o p e r t y  t h a t  one  e n d p o i n t  a c t s  a s  a  z e r o  
a n d  t h e  o t h e r  e n d p o i n t  a s  a n  i d e n t i t y .
The s t r u c t u r e  o f  t h r e a d s  h a s  b e e n  c o m p l e t e l y  d e t e r m i n e d  by
C l i f f o r d  i n  [ o ]  and  M o s t e r t  a n d  S h i e l d s  i n  [ 1 8 ] .  Among 
t h e  t h r e a d s ,  t h e r e  a r e  t h r e e  t y p e s  w h i c h  a r e  o f  p a r t i c u l a r  
i m p o r t a n c e .
D e f i n i t i o n  2 . 1 . 2 .  A u s u a l  t h r e a d  i s  t h e  u n i t  i n t e r v a l  
[ 0 , 1  ] u n d e r  t h e  u s u a l  m u l t i p l i c a t i o n  o f  r e a l  n u m b e r s .  A 
u s u a l  t h r e a d  w i l l  be  d e n o t e d  by  I 1 .
D e f i n i t i o n  2 . 1 . 3 ,  A m in  t h r e a d  i s  a  t h r e a d  w i t h  t h e  
m u l t i p l i c a t i o n  d e f i n e d  by  xy  = m i n ( x , y )  w h e r e  m in  i s  
t a k e n  w i t h  r e s p e c t  t o  t h e  u s u a l  o r d e r i n g  o f  r e a l  n u m b e r s .
A m in  t h r e a d  w i l l  be  d e n o t e d  by  I ^ .
D e f i n i t i o n  2 . 1 . 4 .  A n i l p o t e n t  t h r e a d  i s  a  t h r e a d  w h i c h
1i s  i s e o m o r p h i c  t o  t h e  c l o s e d  i n t e r v a l  [-^,1  ] w i t h
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m u l t i p l i c a t i o n  d e f i n e d  by  xoy = m a x ( x y , - ^ ) .  A n i l p o t e n t
1t h r e a d  w i l l  be d e n o t e d  by  1^  . The p o i n t  ^  i s  a  z e r o  
f o r  a n d  some f i n i t e  po w er  o f  e v e r y  e l e m e n t  i s  z e r o .
The f o l l o w i n g  t h e o r e m ,  due  t o  W hyburn  [ 2 6 ] ,  w i l l  be  u s e d  
i n  s e v e r a l  i n s t a n c e s  i n  t h i s  c h a p t e r  and  w i l l  be s t a t e d  
h e r e  w i t h o u t  p r o o f .
Theorem  2 , 1 . 5 .  I f  A i s  a  t w o - c e l l ,  f : A  — > B i s  
a  m on o to n e  f u n c t i o n  f r o m  A o n t o  B , B h a s  no c u t p o i n t s ,  
an d  f ( B d ( A ) ) i s  n o n - d e g e n e r a t e ,  t h e n  B i s  a  2 - c e l l .
We w i l l  a l s o  make l i m i t e d  u s e  o f  t h e  c y c l i c  e l e m e n t  t h e o r y  
o f  W hyburn  [ 2 6 ] . T h i s  s u b j e c t  i s  t o o  b r o a d  t o  . a l l o w  a
c o m p r e h e n s i v e  s u r v e y  i n  t h i s  p a p e r .  The d e f i n i t i o n s  g i v e n  
b e lo w  w i l l  s u f f i c e  f o r  o u r  p u r p o s e s .  I n  t h e  f o l l o w i n g ,  C 
w i l l  d e n o t e  a  m e t r i c  l o c a l l y  c o n n e c t e d  c o n t i n u u m .
D e f i n i t i o n  2 . 1 . 6 .  Two p o i n t s  a  and b i n  C w i l l  be 
s a i d  t o  be  c o n j u g a t e  i f  no p o i n t  o f  C s e p a r a t e s  a  and  
b .
D e f i n i t i o n  2 . 1 . 7 .  I f  p i s  n e i t h e r  a  c u t  p o i n t  n o r  a n  
e n d  p o i n t  o f  C , t h e  s e t  c o n s i s t i n g  o f  p t o g e t h e r  w i t h  
a l l  p o i n t s  o f  C c o n j u g a t e  t o  p w i l l  be c a l l e d  a  s i m p l e  
l i n k  o f  C . (An end  p o i n t  i s  a  p o i n t  w h i c h  h a s  a r b i t r a r i l y  
s m a l l  n e i g h b o r h o o d s  w i t h  one  p o i n t  b o u n d a r i e s ) . A s i m p l e
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l i n k :  o f  C i s  a  c o n t i n u u m .
D e f i n i t i o n  2 . 1 . 8 . A c y c l i c  e l e m e n t  o f  C i s  e i t h e r  a
c u t  p o i n t , a n  end  p o i n t , o r  a  s i m p l e  l i n k :  o f  C . A
n o n d e g e n e r a t e  c y c l i c  e l e m e n t  o f  C w i l l  be c a l l e d  a  t r u e  
c y c l i c  e l e m e n t .
D e f i n i t i o n  2 . 1 . 9 .  A c y c l i c  c h a i n  i s  a  l o c a l l y  c o n n e c t e d
c o n t i n u u m  C w i t h  t h e  p r o p e r t y  t h a t  f o r  e a c h  c y c l i c
e l e m e n t  E o f  G , C \  E c o n s i s t s  o f  a t  m os t  two c o m p o n e n t s ,
e a c h  h a v i n g  a  one  p o i n t  b o u n d a r y  i n  C .
The f o l l o w i n g  t h e o r e m  w i l l  be  u s e d  i n  s e c t i o n  2 . 2 .  The 
t h e o r e m  i s  a  s e m i g r o u p  a n a l o g u e  o f  t h e  m o n o t o n e - l i g h t  
f a c t o r i z a t i o n  o f  W hyburn ,  [ 2 6 ] ,  and  E i l e n b e r g ,  [ 9 ] .  The 
p r o o f  may be f o u n d  i n  [ 1 3 ] .
T heorem  2 . 1 . 1 0 .  I f  S and  T a r e  c o m p a c t  s e m i g r o u p s  
an d  f  i s  a  homomorphism  f ro m  S o n t o  T , t h e n  t h e r e  
e x i s t s  a  s e m ig r o u p  M a n d  hom om orphism s m, X f r o m  S 
o n t o  M 'and f r o m  M o n t o  T , r e s p e c t i v e l y ,  s u c h  t h a t
f  = /  o m , m i s  m o n o to n e  and  X i s  l i g h t .
The f o l l o w i n g  two t h e o r e m s  a r e  a l s o  due  t o  W hyburn  [ 2 6 ] .
T heorem  2 . 1 . 1 1 .  E v e r y  c o n t i n u o u s  m ono tone  im age  o f  a  
s i m p l e  c l o s e d  c u r v e  i s  e i t h e r  a  s i m p l e  c l o s e d  c u r v e  o r  a  
p o i n t .
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T heorem  2 . 1 . 1 2 .  I f  C i s  a  l o c a l l y  c o n n e c t e d  c o n t i n u u m  
w h i c h  s e p a r a t e s  a  f r o m  b i n  t h e  p l a n e ,  t h e n  t h e r e  
e x i s t s  a  s i m p l e  c l o s e d  c u r v e  J  c o n t a i n e d  i n  N w h i c h  
s e p a r a t e s  a  f r o m  b i n  t h e  p l a n e .
2 . 2  HOMOMORPHI SMS OF y i  .
Cohen  a n d  K r u l e  i n  [ 7 ]  d e t e r m i n e d  a l l  hom om orph ic  i m a g e s  
o f  a  s e m i g r o u p  w i t h  i d e n t i t y  and  z e r o  o n  a n  i n t e r v a l .
E v e r y  s u c h  im age  i s  e i t h e r  a n  i n t e r v a l  o r  a  t r i a d  d e p e n d i n g  
o n  w h e t h e r  t h e  z e r o  i s  a n  e n d p o i n t  o r  a n  i n f e r i o r  p o i n t  
o f  t h e  g i v e n  s e m i g r o u p .  A n d e r s o n  a nd  H u n t e r  i n  [ 1 ]  
d i s c u s s e d  t h e  r e l a t i o n  b e t w e e n  t h e  d i m e n s i o n  o f  a  c o m p a c t  
s e m i g r o u p  S a n d  a  hom om orph ic  im age  o f  S . The p r o b l e m  
o f  i n v e s t i g a t i n g  t h e  c l a s s  o f  hom om orph ic  i m a g e s  o f  
p a r t i c u l a r  c l a s s  o f  s e m i g r o u p s  ( o r  e v e n  o f  a  p a r t i c u l a r  
s e m i g r o u p )  h a s  n o t  r e c e i v e d  a  g r e a t  d e a l  o f  a t t e n t i o n .  I n  
t h i s  s e c t i o n  we w i l l  d e t e r m i n e  t h e  hom om orph ic  i m a g e s  o f  
1 ^ x I  w h e r e  I  d e n o t e s  a n  a r b i t r a r y  t h r e a d .  S p e c i f i c a l l y ,  
t h e  f o l l o w i n g  t h e o r e m  w i l l  be  p r o v e d :
Theorem  2 . 2 . 1 .  E v e r y  hom om orph ic  im age  o f  I ^ x l  i s  a  
c y c l i c  c h a i n  w h e r e  e a c h  t r u e  c y c l i c  e l e m e n t  i s  a  2 - c e l l .
To f a c i l i t a t e  t h e  d i s c u s s i o n ,  we w i l l  a d o p t  t h e  f o l l o w i n g  
n o t a t i o n .
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S = I 1XI
T ^  = I n x { 0 } ,  T12 = { 1 } X I  ,
m = m y m ±1 u i 12  ,
T21 = {1} x I  , T22 = I 1 X [1} ,
T2 = T21 U T22 »
B = T 1 U T 2 = B d(S )  .
Lemma 2 . 2 . 2 .  f ( B )  i s  a  c y c l i c  c h a i n  w h e re  e a c h  t r u e  
c y c l i c  e l e m e n t  i s  a  s i m p l e  c l o s e d  c u r v e .
P r o o f .  L e t  = Yom  he  t h e  m o n o t o n e - l i g h t  f a c t o r i z a t i o n
o f  f | B , a n d  l e t  Q = m ( B ) .
f | B f ( B )
Q
I f  f ( 0 )  = f ( l )  , t h e n  f ( S )  c o n s i s t s  o f  a  s i n g l e  p o i n t  
_ 1s i n c e  f  ( f ( 0 ) )  i s  a n  i d e a l  c o n t a i n i n g  1 a n d  h e n c e
c o n t a i n s  S . I f  f ( 0 )  ^  f ( l ) ,  t h e n  Q i s  a  s i m p l e
c l o s e d  c u r v e  by  T heorem  1 . 2 . 1 1 .  F o r  p e f ( B )  ,
( p )  H m( T^)  ( i  = 1 , 2 )  c o n t a i n s  a t  m o s t  a  s i n g l e  p o i n t
_  *1
F o r  s u p p o s e  a , b  e ~)L ( p )  D m(T^ ) , a  ^  b . T h e n  s i n c e
mtT. j )  i s  a  t h r e a d ,  j m u s t  be m on o to n e  by
1 _  -i
C o r o l l a r y  1 . 2 . 7 .  , a n d  h e n c e  % (p )  m u s t  c o n t a i n  t h e
s u b a r c  o f  w i t h  e n d p o i n t s  a  a nd  b . T h i s
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c o n t r a d i c t s  t h e  f a c t  t h a t  y  a s  l i g h t .  I t  f o l l o w s  t h a t
lT  ( p ) > P £ 1 ( B ) ,  c o n s i s t s  o f  a t  m os t  two p o i n t s ,  one
p o i n t  i n  m(T1 ) and  one p o i n t  i n  m(T,j) . I t  i s  c l e a r
— 1t h e n  t h a t  t h e  p o i n t s  p  e f ( B )  f o r  w h ic h  y  (p )  i s  
n o n - d e g e n e r a t e  a r e  e x a c t l y  t h e  c u t  p o i n t s  o f  f ( B ) . I f  p 
i s  a n y  s u c h  p o i n t ,  t h e n  y~  ( p )  = I0-} u { ^ } , ( a  e T.j , h  e T2 ), 
s e p a r a t e s  Q i n t o  two c o m p o n e n t s  P and  R w h e re  
P = {x e 111( 1^1 x < a} U {x e mCTpJ l x  < b} a n d  
R = {x e m C l ^ j l x  > a} U {x e m(T2 ) | x  > b} . We a s s e r t
t h a t  ^ ( P )  H ¥(R)  = 0 ; f o r  s u p p o s e  c P ,  d e R and
^ ( c )  = ^ ( d ) .  We may assum e  t h a t  c £ m ( I ^ ) a nd  d £ m( T2 ) . 
T hen  c < a i m p l i e s  y ( c )  < X( a ) and b < d i m p l i e s  
^ ( a )  = X(B) < X(<i) = y ( c )  . Hence  X( a ) = X( c )  w h i c h  i s  
a  c o n t r a d i c t i o n .  We h a v e ,  t h e r e f o r e ,  t h a t  p s e p a r a t e s  
f ( B )  i n t o  e x a c t l y  two c o m p o n e n t s  X(P)  an(l  X(H) , e a c h  
h a v i n g  t h e  p o i n t  p a s  t h e i r  o n l y  b o u n d a r y  p o i n t .
How l e t  E be a  t r u e  c y c l i c  e l e m e n t ,  i . e .  a  s i m p l e  l i n k ,  
o f  f ( B )  . T hen  E c a n  c o n t a i n  no more t h a n  two o u t p o i n t s  
o f  f ( B ) , f o r  i f  E c o n t a i n e d  t h r e e  o u t p o i n t s  o f  f ( B ) , 
t h e n  i t  i s  c l e a r  f ro m  t h e  p r e v i o u s  p a r a g r a p h  t h a t  one  o f  
t h e  t h r e e  w o u ld  s e p a r a t e  t h e  o t h e r  two i n  f ( B ) .  T h i s  i s  
c o n t r a d i c t o r y  t o  t h e  d e f i n i t i o n  o f  a  s i m p l e  l i n k .  I f  E 
c o n t a i n s  no o u t p o i n t s  o f  f  (B) , t h e n  y  i s  o n e - t o - o n e  and
f ( B )  i s  hom eom o rp h ic  t o  Q , i . e . ,  f ( B )  i s  a  s i m p l e
c l o s e d  c u r v e .  We w i l l  c o n s i d e r  t h e  c a s e  w h e r e  E c o n t a i n s
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two o u t p o i n t s .  The o t h e r  c a s e  w h e r e  E c o n t a i n s  o n l y  one  
c u t p o i n t  may be h a n d l e d  i n  a  s i m i l a r  m a n n e r .  L e t  p , q  
be  o u t p o i n t s  o f  f ( B )  and  e l e m e n t s  o f  E . Assume p < q . 
L e t  = {a} u {h} ,  a  e m( T1 ) ,  b e m(T2 ) a n d
(q.) = {°} u {d.} f c e m( T1 ) ,  d e m( T2 ) . Le t
P = {x e m C ^ )  | x  < a} U {x e m( T2 I x  < b} f a n d
R = {x e m f T ^  | x  > c} U {x e m(Tg)  | x  > d } .  T h e n  we
h a v e  f ( B )  \  E = £ ( P )  U #( R)  , X( P)  fl £ ( R)  = 0  , a n d  t h e
b o u n d a r i e s  o f  X( P)  a nd  X( R ) c o n s i s t s  o f  t h e  p o i n t s  p 
and  q. r e s p e c t i v e l y .  We may c o n s i d e r  E a s  b e i n g  t h e  s e t  
o b t a i n e d  f r o m  t h e  two d i s j o i n t  a r c s  [ a , c ] ,  [ t , d ]  by 
i d e n t i f y i n g  t h e  e n d p o i n t s  a  a n d  b a n d  t h e  e n d p o i n t s  c 
and  d . I t  i s  c l e a r  t h a t  E i s  a  s i m p l e  c l o s e d  c u r v e .  
T h i s  c o m p l e t e s  t h e  p r o o f .
—  1Lemma 2 . 2 . 3 .  I f ,  f o r  p  e f ( S ) ,  f  ( p )  c o n t a i n s  a  s i m p l e
— 1c l o s e d  c u r v e  C , t h e n  f  ( p )  c o n t a i n s  t h e  b o u n d e d  
c o m p l i m e n t a r y  d o m a in  o f  C . (We c o n s i d e r  S = I ^ x  I  a s  
b e i n g  im b e d d ed  i n  t h e  p l a n e ) .
P r o o f . L e t  c = ( c 1 , c 2 ) be  a  p o i n t  i n  t h e  b o u n d e d
c o m p l i m e n t a r y  d o m a in  o f  C . T h e n  t h e  l i n e  {c ^ } x l  i s
i s e o m o r p h i c  t o  I  and  i n t e r s e c t s  C i n  two p o i n t s  a
a nd  b s u c h  t h a t  a  < c < b . T hen  s i n c e  f |  , i T{c^ J x I
i s  m ono tone  a n d  f ( a )  = f ( b ) , we m u s t  h a v e  
f ( a )  = f ( b )  = f ( c ) .
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Lemma 2 . 2 . 4 .  I f  p i s a  o u t p o i n t  o f  f ( S ) ,  t h e n
f " 1 ( P ) m , / ? /  f " 1 ( p )  n t 2 .
P r o o f . I f  f - ^ ( p )  n B = $ , t h e n  s i n c e  f  ( p )  s e p a r a t e s
_*1
S a n d  d o e s  n o t  i n t e r s e c t  t h e  "boundary o f  S , f  ( p )
_ -j
m ust  s e p a r a t e  t h e  p l a n e .  By T heo rem  2 . 1 . 1 2 ,  f  ( p )  c o n t a i n s
a  s i m p l e  c l o s e d  c u r v e  w h i c h  s e p a r a t e s  t h e  p l a n e ,  "but t h i s
“ 1i s  i m p o s s i b l e  by  Lemma 2 . 2 . 3 .  Now s u p p o s e  f  ( p )  c o n t a i n s
o n l y  p o i n t s  o f  T ^ ( i  = 1 , 2 ) .  T h e n ,  s i n c e  f  r e s t r i c t e d
_ -1
t o  T^ i s  m o n o to n e ,  f  (p )  H T^ i s  a  c l o s e d  s u b i n t e r v a l
— 1o f  T^ and  a g a i n  i t  f o l l o w s  t h a t  f  ( p )  s e p a r a t e s  t h e
p l a n e ,  g i v i n g  a  c o n t r a d i c t i o n .
Lemma 2 . 2 . 5 .  I f  p i s a  o u t p o i n t  o f  f ( S )  a n d  
f " 1 ( p )  ( I T  u  ¥ 9 , t h e n  f 1 ( p )  fl T21 = 0  .
P r o o f . S uppose  a  e f - 1 ( p )  fl T ^  and  b e f -1  ( p )  A I 2 1 *
Then  s i n c e  T ^  i s  a  m in  t h r e a d  a n d  T ^ T ^  = 0  , we h a v e  
f ( a )  = f ( a a )  = f ( a b )  = f ( 0 ) .
But  f ( 0 )  canno t  c u t  f ( S ) .
Lemma 2 . 2 . 6 .  The o u t p o i n t s  o f  f ( S )  a r e  e x a c t l y  t h e  
o u t p o i n t s  o f  f ( B ) .
P r o o f .  L e t  p be a  o u t p o i n t  o f  f ( S ) .  T h e n  by  Lemma 2 . 2 . 4 ,
f ” 1 ( p )  n I-) ¥  9  ¥  f ~ 1 ( p )  A T2 , a n d  f - 1 ( p )  d o e s  n o t
i n t e r s e c t  b o t h  T ^  a n d  T_21 by  Lemma 2 . 2 . 5 .  A l s o  
1 ¥  f _ 1 ( p )  s i n c e  f ( 1 )  c a n n o t  c u t  f ( S ) .  I t  f o l l o w s
24
*1
t h a t  f  (p )  s e p a r a t e s  B a n d  h e n c e  p i s  a  c u t  p o i n t  
o f  f ( B ) .
Now l e t  p  be  a  o u t p o i n t  o f  f ( B ) ,  T hen  by  t h e  p r o o f  o f
Lemma 2 . 2 . 2 ,  f -1  ( p )  fl B = G U D w h e re  C i s  a  c l o s e d
s u b a r c  o f  T1 a n d  D i s  a  c l o s e d  s u b a r c  o f  T2 . T h e r e
_ -1
a r e  t h r e e  c a s e s  t o  c o n s i d e r ;  ( i )  f  ( p )  fl T ^  ^  0  ,
( i i )  f “ 1 ( p )  fl T21 ^  0  , and  ( i i i )
f -1  ( p )  n ~ $  ~ n ^21  * Tlie ■£’i r s "^  ^wo a r e  d u a l
s i t u a t i o n s  and  we w i l l  c o n s i d e r  o n l y  t h e  f i r s t .
( i )  S u p p o se  f “ 1 ( p )  fl T ^  j- 0  . T h en  by  Lemma 2 . 2 . 5 ,  
f ~ 1 ( p )  n ^ 2 J\ = & > an<* t h e r e f o r e  I) c: T22  . L e t
c = ( c 1 , 0 )  e C a n d  d = ( d^ , 1 )  e I) . The p o i n t  ( 1 , 0 )  is
a n  i d e n t i t y  f o r  T ^  a n d  ( 1 , 0 ) d  = (1 , 0 ) ( d^ , 1 )=  ( d ^ , 0 ) e T ^ .  
So f  ( c ) = f  ( c  (1 , 0 ) )  = f  ( d (  1 , 0 ) )  = f  ( ( d 1 , 0 ) )  . By 
T heorem  1 . 2 . 3  , we h a v e  f ( d )  = f ( d B ( ( 1 , 0 ) ) ) .  We r e c a l l  
t h a t  D( ( 1 , 0 ) )  = {x | x  ( .1 ,0 )  = ( 1 , 0 ) }  = T 12 • I t  i s  e a s y  
t o  s e e  t h a t  d D ( ( 1 , 0 ) )  i s  a n  a r c  f r o m  d t o  t h e  p o i n t  
( d ^ , 0 ) .  T h i s  a r c  i s  c o n t a i n e d  i n  f  ( p )  a n d  s e p a r a t e s
0 f ro m  1 i n  S . I t  f o l l o w s  t h a t  p i s  a  o u t p o i n t  o f
f ( s ) .
( i i )  S u p p o s e  f “ V p )  D T ^  = ^  = f -1  ( p )  fl T ^  .
T hen  C c; T 12 a n d  D c: T22 . L e t  c = ( 1 , c 2 ) e C a n d
d = ( d^ , 1) e I) . T h en  s i n c e  T22  i s  a  m in  t h r e a d ,  we
h a v e  f ( c )  = f ( d )  = f ( d d )  = f ( c d )  = f [ ( d 1 , c 2 ) ] . A g a i n
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we a p p l y  T heorem  1 . 2 . 5 .  S i n c e  f ( c )  = f ( c d ) ,  we h a v e
cD (d )  c: f ~ 1 ( p )  . The s e t  D(d)  = {x | xd = d} i s  t h e
a r c  [ d , l ]  o n  ^ 2 2 ’ and  cD (d )  i s  a  1 ' h o r i z o n t a l 11 a r c  f r o m  
c t o  cd  . S i m i l a r l y ,  s i n c e  f ( d )  = f ( c , d ) ,  we h a v e  
dD (c )  cz f  ( p )  . I n  t h i s  c a s e ,  t h e  s e t  D ( c )  i s  t h e  a r c  
[ p , l ]  o n  T^ 2 w h e re  p = su p { e  e E C T ^ )  I e c  = ©}• I n  
e i t h e r  c a s e ,  we h a v e  t h a t  dD( c )  c o n t a i n s  t h e  ' ' v e r t i c a l 1 ' 
a r c  f r o m  d t o  cd  . Hence  t h e  s e t  c D( d )  U dH (c )  i s  a  
c o n n e c t e d  s e t  c o n t a i n e d  i n  f  ( p )  , i n t e r s e c t i n g  T ^  and  
T22 » a n d  s e p a r a t i n g  0 f r o m  1 i n  S . I t  f o l l o w s  t h a t  
P  i s  a  o u t p o i n t  o f  S .
P r o o f  o f  Theorem  2 . 2 . 1 .  We h a v e  shown (Lemma 2 . 2 . 2 )  t h a t
f ( B )  i s  a  c y c l i c  c h a i n  w h e re  e a c h  t r u e  c y c l i c  e l e m e n t  i s  
a  s i m p l e  c l o s e d  c u r v e .  The d e g e n e r a t e  c y c l i c  e l e m e n t s  o f  
f ( B )  a r e  e i t h e r  e n d p o i n t s  o r  o u t p o i n t s  o f  f ( B )  
and  t h e r e f o r e  (Lemma 2 . 2 . 6 )  a r e  e i t h e r  f ( 0 )  , f ( 1 ) ,  o r  
a r e  o u t p o i n t s  o f  f ( S ) .  L e t  E be  a  t r u e  c y c l i c  e l e m e n t  
o f  f ( B ) . We w i l l  show t h a t  t h e r e  e x i s t s  a  t w o - c e l l  
D c: S s u c h  t h a t  f ( D )  i s  a  t w o - c e l l  w i t h  b o u n d a r y  E . T h i s  
w i l l  c o m p l e t e  t h e  p r o o f  o f  2 . 2 . 1 .
L e t  E be  a  t r u e  c y c l i c  e l e m e n t  o f  f ( B ) . We w i l l  c o n s i d e r  
t h e  c a s e  w h e re  E c o n t a i n s  two o u t p o i n t s  o f  f ( B ) . T h i s  
i s  t h e  more d i f f i c u l t  c a s e .  The o t h e r  c a s e s  w he re  f ( B )  
c o n t a i n s  one  o r  no o u t p o i n t s  o f  f ( B )  i s  h a n d l e d  i n  a
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s i m i l a r  m a n n e r ,  l e t  p , q "be o u t p o i n t s  o f  f ( B )  and
e l e m e n t s  o f  E , i . e . ,  {p , q.} = E fl [ f ( B )  \  E ] * .  S u p p o se
1
p < q. . l e t  f ” (E)  = C U D w h e r e  C = [ c ^ C g ]  i s  a  
s u b a r c  o f  T^ a n d  D = [ d ^ d ^ ]  i s  a  s u b a r c  o f  T^ • T h e r e  
a r e  s e v e r a l  c a s e s  t o  c o n s i d e r  r e g a r d i n g  t h e  l o c a t i o n  o f  t h e  
p o i n t s  c.j , C£,d, j  , d£ on  T^ and  T^ » b u t  &i i  ° i  c a s e s  
a r e  s i m i l a r .  We w i l l  c o n s i d e r  t h e  c a s e  w h e r e  c 1 e T ^  ,
c 2 e T 12* d 1 e T22* d 2 e ^ 2 2  * We h a v e  shown (Eemma 2 . 2 . 7 )
_*1
t h a t  f  ( p )  c o n t a i n s  a n  a r c  A1 c o n t a i n i n g  a n d
i n t e r s e c t i n g  , and  a n  a r c  A2 c o n t a i n i n g  and
dg . R e c a l l  t h a t  A^ i s  t h e  u n i o n  o f  a  ' ' v e r t i c a l 11 and 
a  ' ' h o r i z o n t a l ' 1 a r c  i n t e r s e c t i n g  a t  c 2^2  * u n -^on
J  = C U D U A1 U Ag i s  a  s i m p l e  c l o s e d  c u r v e  w h i c h  b o u n d s  
a  t w o - c e l l  D c o n t a i n e d  i n  S . C l e a r l y  f ( J )  = E and  
f ( D )  h a s  n o t  o u t p o i n t s  s i n c e  any  o u t p o i n t  o f  F(D) w o u ld  
h a v e  t o  be  a  o u t p o i n t  o f  f ( S )  and  h e n c e  by  lemma 2 . 2 . 7  ,
a  o u t p o i n t  o f  f ( B ) .  Bu t  f o r  t  e f ( B ) ,  P < t  < q and
t h e r e  a r e  no o u t p o i n t s  o f  f ( B )  w h i c h  l i e  b e t w e e n  p and
q s i n c e  t h e s e  p o i n t s  w o u ld  h a v e  t o  l i e  on  E . F i n a l l y  
f  i s  m on o to n e  by  C o r o l l a r y  1 . 2 . 1 0  o f  T heorem  1 . 2 . 9 .  Thus  
t h e  h y p o t h e s e s  o f  T heorem  2 . 1 . 5  a r e  s a t i s f i e d  a n d  we 
c o n c l u d e  t h a t  f ( D )  i s  a  t w o - c e l l  w i t h  b o u n d a r y  c u r v e  E . 
T h i s  c o n c l u d e s  t h e  p r o o f .
I n  [ 3 ]  Brown p r o v e d  t h a t  a  s e m i l a t t i c e  M o n  a  t w o - c e l l
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w i t h  0 e Bd(M) a nd  M(x)  = {y | xy = x} c o n n e c t e d  f o r  
e a c h  x  e M i s  a  hom o m o rph ic  im age  o f  1 ^  1^ . We t h e n  
h a v e ,  a s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  T heorem  2 , 2 . 1 ,  t h e  
f o l l o w i n g  c o r o l l a r y .
C o r o l l a r y  2 . 2 . 8 .  I f  M i s  a  s e m i l a t t i c e  on  a  t w o - c e l l  
s a t i s f y i n g
( i )  0 e Bd(M) , and
( i i )  M(x) i s  c o n n e c t e d  f o r  e a c h  x e M , 
t h e n  e v e r y  ho m o m o rp h ic  image  o f  M i s  a  c y c l i c  c h a i n  
w h e r e  e a c h  t r u e  c y c l i c  e l e m e n t  i s  a  t w o - c e l l .
D e f i n i t i o n  2 . 2 . 9 .  A t o p o l o g i c a l  l a t t i c e  i s  p a r t i a l l y  
o r d e r e d  s e t  L w i t h  t h e  p r o p e r t y  t h a t  e a c h  p a i r  o f  
e l e m e n t s  x , y  o f  L h a s  a  u n i q u e  g r e a t e s t  l o w e r  hound  
X A y  and  a  u n i q u e  l e a s t  u p p e r  bound  x v y  , a n d  t h e  
o p e r a t i o n s  ' ' a  ' 1 a n d  ' 1 v  1 1 a r e  c o n t i n u o u s .
A. D. W a l l a c e  h a s  show n [ 2 3 ]  t h a t  a  t o p o l o g i c a l  l a t t i c e  
on  a  t w o - c e l l  a u t o m a t i c a l l y  s a t i s f i e s  p r o p e r t i e s  ( i )  a nd
( i i )  o f  2 . 2 . 8 .  H ence  t h e  c o n c l u s i o n  o f  T h eo rem  2 . 2 . 1  
h o l d s  f o r  h om om orph ic  i m a g e s  o f  t o p o l o g i c a l  l a t t i c e s  o n  a  
t w o - c e l l .  W a l l a c e  h a s  a l s o  shown [ 2 4 ]  t h a t  e v e r y  c o m p a c t  
c o n n e c t e d  t w o - d i m e n s i o n a l  t o p o l o g i c a l  l a t t i c e  w h i c h  c a n  
be im b e d d e d  i n  t h e  p l a n e  i s  a  c y c l i c  c h a i n  w h e r e  e a c h  t r u e  
c y c l i c  e l e m e n t  i s  a  t w o - c e l l  and  a  c o n v e x  s u b l a t t i c e .  Such  
a n  o b j e c t  may be t h o u g h t  o f  a s  a  s e q u e n c e  o f  t o p o l o g i c a l
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l a t t i c e s  o n  t w o - c e l l s  c o n n e c t e d  lay m in  t h r e a d s .  U s i n g  t h e  
f a c t  t h a t  a  hom om orph ic  im age  o f  a  m in  t h r e a d  i s  a g a i n  a  
m in  t h r e a d  and  a p p l y i n g  T heorem  2 , 2 . 1  t o  t h e  t w o - c e l l  
s u b l a t t i c e s  we o b t a i n
C o r o l l a r y  2 . 2 . 1 0 .  I f  1  i s a  t w o - d i m e n s i o n a l  c o m p a c t  
c o n n e c t e d  t o p o l o g i c a l  l a t t i c e  w h ic h  i s  i m b e d d a b l e  i n  t h e  
p l a n e ,  t h e n  e v e r y  hom om orph ic  image o f  L i s  a  c y c l i c  
c h a i n  w h e re  e a c h  t r u e  c y c l i c  e l e m e n t  i s  a  t w o - c e l l .  (The 
homomorphism  may be  t a k e n  w i t h  r e s p e c t  t o  1 ' v  ' ' ,  11 a  11 , 
o r  b o t h ) .
2 . 3  H0M0M0RPHISMS OF I 2 x I 2
I n  t h i s  s e c t i o n ,  we w i l l  be c o n c e r n e d  w i t h  hom om orph ism s 
o f  I 2 x I 2 and  i n  p a r t i c u l a r  w i t h  m o n o to n e  h o m o m o rp h i sm s .  
S i n c e  I . / L  ( i  = 2,3*; j = 2 , 3 )  i s  a  hom om orph ic  image
J
o f  I 2x  12 * we n o ^ c o n c e r n  o u r s e l v e s  d i r e c t l y  w i t h
any  o f  t h e  c o m b i n a t i o n s  o f  p r o d u c t s  e x c e p t  I 2 X I 2 • 
t a s k  o f  f i n d i n g  a l l  hom om orph ic  im a g e s  o f  I ^ X  1 2 ( a s  was  
done  f o r  ^  x  I )  seem s  t o  be  e x t r e m e l y  d i f f i c u l t .  A p a r t  
o f  t h e  d i f f i c u l t y  i s  t h e  e x i s t e n c e  o f  hom om orph ism s  w h i c h  
a r e  n o t  m o n o to n e .  We w i l l  d e t e r m i n e  t h e  m o n o to n e  im a g e s  
o f  I 2 x  I 2 and t h e  hom om orph ic  im a g e s  c o r r e s p o n d i n g  t o  
c e r t a i n  m in im a l  c o n g r u e n c e s .  F o r  t h e  r e m a i n d e r  o f  t h i s  
s e c t i o n ,  1^ w i l l  be  d e n o t e d  by  I  a n d  I g X  I 2 ^ y  S . 
We w i l l  u s e  t h e  same n o t a t i o n  a s  i n  s e c t i o n  2 . 2  f o r  t h e  
b o u n d a r y  t h r e a d s ,  i . e . ,
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Bd ( S)  = ^  U I 2 , T1 = T ^  U T 1 2 , T2 = T21 U T22
T heorem  2 . 3 . 1  . I f  h e  ( S a ) °  and  f  i s  a  homomorphism 
o f  S s u c h  t h a t  f ( a )  = f ( b )  , t h e n  f ( a )  = f ( h )  = f ( 0 ) .
(A° d e n o t e s  t h e  i n t e r i o r  o f  A ) .
P r o o f . L e t  a  = (a^ »a 2 ) a n d  b = ( b ^ , b 2 ) . T hen  b = x a
w h e r e  x  = ( x 1 , x 2 ) , x 1 ^  1 /  x 2 . T h e n  xn  — > 0 a n d
h e n c e  D( x)  = S . T h eo rem  1 . 2 . 3  g i v e s  
f ( a )  = f [ a D ( x ) ]  = f ( a S )  = f ( 0 ) .
C o r o l l a r y  2 . 3 . 2 .  The m in i m a l  c o n g r u e n c e  o n  S c o n t a i n i n g  
a  p a i r  ( a , b )  w h e r e  b e ( S a ) °  i s  t h e  R e e s  c o n g r u e n c e  o f  
S m odulo  t h e  i d e a l  Sa . The c o r r e s p o n d i n g  hom om orph ic
i
im age  i s  e i t h e r  a  t w o - c e l l  o r  a  p o i n t .
P r o o f .  The f i r s t  p a r t  o f  t h e  t h e o r e m  f o l l o w s  d i r e c t l y  f ro m  
T heo rem  1 . 2 . 5 ,  n o t i n g  t h a t  K( x )  o f  1 . 2 . 5  i s  t h e  s i n g l e  
p o i n t  0 . The s e c o n d  a s s e r t i o n  i s  c l e a r .
T heorem  2 . 3 . 3 .  L e t  a  = ( a ^ , a 2 ) ,  b = ( a ^ , b 2 ) w i t h
b 2 < a 2 and  l e t  £  be  t h e  m in i m a l  c o n g r u e n c e  c o n t a i n i n g
( a , b )  . T hen  t h e  n o n - d e g e n e r a t e  c o n g r u e n c e  c l a s s e s  o f  (£> 
a r e  s e t s  o f  t h e  fo r m  ( c 1 , a 2 ) T 12 w h e r e  0 < c 1 < a 1 .
Q
F u r t h e r m o r e  / g  i s  e i t h e r  a  t w o - c e l l ,  a  u s u a l  i n t e r v a l  
o r  i s  e q u a l  t o  C U D  w h e r e  C i s  a n  a r c  a n d  a n  i d e a l
° f  > -D i s  a  t w o - c e l l ,  a n d  C fl D i s  a  p o i n t .
P r o o f . S i n c e  b 2 < a 2 , we h a v e  b = a x  w h e r e  x  = ( 1 , x 2 ) .
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T h e n  x11 — > ( 1 , 0 )  a n d  D( x )  = T ^  • Tlie f i r s t  p a r t  o f  
t h e  t h e o r e m  t h e n  f o l l o w s  f r o m  1 . 2 . 5 . F o r  t h e  s e c o n d  p a r t ,  
we c o n s i d e r  t h r e e  c a s e s .
( i )  a  = 1 . I n  t h i s  c a s e ,  t h e  c o n g r u e n c e  c l a s s e s
a r e  t h e  s e t s  ( c ^ l j T ^ ,  ( 0  < c 1 < 1 ) ,  a n d  t h e  homomorphism
g
f : S  — > / p  i s  e q u i v a l e n t  t o  t h e  p r o j e c t i o n  map
g
tc^  : S — > . H ence  i s  a  u s u a l  i n t e r v a l .
( i i )  0 < a^ < 1 , 0 < &2 < 1 • i *1 i k i s  c a s e ,  no n e
g
o f  t h e  c o n g r u e n c e  c l a s s e s  s e p a r a t e s  and  h e n c e  h a s
S p
no o u t p o i n t s .  A l s o  f : S  — > / „  i s  m ono tone  a n d  c l e a r l y
f ( B )  i s  n o n - d e g e n e r a t e  s i n c e  f ( 0 )  ^  f ( 1 ) .  From
g
T heorem  2 . 1 . 5 ,  we c o n c l u d e  t h a t  / ^  i s  a  t w o - c e l l .
( i i i )  0 < a 1 < 1 , a ^  = 1 . The n o n - d e g e n e r a t e  
c o n g r u e n c e  c l a s s e s  a r e  t h e  s e t s  ( c ^ , 1 )T.j2 a n i  h e n c e
f  | Sa  i s  e q u i v a l e n t  t o  t Sa . T h e r e f o r e  f ( S a )  i s  a n
a r c  C , and  s i n c e  Sa i s  a n  i d e a l ,  so i s  C . The
homomomorphism f  i s  o n e - t o - o n e  o u t s i d e  o f  Sa . L e t  
D = f[(S \  Sa) U a  T ^ l *  T h e n  D may "be t h o u g h t  o f  a s  "being 
o b t a i n e d  f r o m  a  t w o - c e l l  ( ( S \  Sa) U a  T ^ 2 ) toy 1 ' s h r i n k i n g '  ' 
a  p i e c e  o f  t h e  b o u n d a r y  ( a  T ^ )  a  p o i n t .  I t  i s  c l e a r  
t h a t  D i s a  t w o - c e l l  a n d  t h a t  C fl D = f  ( a )  . T h i s  
c o n c l u d e s  t h e  p r o o f .
We o b s e r v e  t h a t  a n  a n a l o g o u s  t h e o r e m  h o l d s  i f  a  = (a.j , a ^ )
a n d  b = ( b ^ , a 2 ) w h e r e  b 1 < a 1 . I n  t h i s  c a s e  T1 2  i s
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r e p l a c e d  by  T22  •
T heorem  2 . 3 . 4 .  I f  a  = ( a ^ , a 2 ) , b = ( b 1 , 0 )  , a^ < b^ , 
t h e n  t h e  m in i m a l  c o n g r u e n c e  £  c o n t a i n i n g  ( a , b )  i s  t h e  
R e e s  c o n g r u e n c e  m odu lo  t h e  i d e a l  Sa U Sb . I t  f o l l o w s
g
t h a t  / g  i s  e i t h e r  a  t w o - c e l l  o r  a  p o i n t .
P r o o f . We h a v e  ( a , b )  e £  a nd  h e n c e
( a ( l , 0 )  , b ( l , 0 ) )  = ( ( a 1 , 0 ) ,  b)  e £  . L e t t i n g  e 1 = (1 , 0 )  ,
we h a v e  ( a , a e 1 ) e £  , ( b j a e ^ )  = ( b , b x )  e £  w h e r e
a
x  = (^ — , 0) . I t  f o l l o w s  t h a t  ( 0 , b )  e £  and  h e n c e  
1
( 0 , a )  e £  . The t h e o r e m  i s  now a n  e a s y  c o n s e q u e n c e  o f
1 . 2 . 5 .  Of c o u r s e ,  t h e  a n a l o g o u s  t h e o r e m  w h e re  a  = ( a ^ , a 2 ) 
a nd  b = ( 0 , b 2 ) , b 2 > a 2 a l s o  h o l d s .
I n  e a c h  o f  t h e  p r e c e e d i n g  t h r e e  c a s e s ,  t h e  m in i m a l  
c o n g r u e n c e  c o n t a i n i n g  ( a , b )  was  m o n o to n e .  The o n l y  
r e m a i n i n g  c a s e  i s  w h e r e  a  = ( a ^ , a 2 ) , b = ( b ^ , b 2 ) ,  
a 1 < b 1 , a 2 > b 2 , and  fL T21 , b 2 ^  T ^  . I n  t h i s  
c a s e ,  t h e  m in i m a l  c o n g r u e n c e  c o n t a i n i n g  ( a , b )  i s  n o t  
m o n o to n e ,  i n  f a c t ,  t h e  s e t  c o n s i s t i n g  o f  a  and  b a l o n e  
i s  a  c o n g r u e n c e  c l a s s  a nd  a l l  o t h e r  c o n g r u e n c e  c l a s s e s  
a r e  f i n i t e  w i t h  t h e  e x c e p t i o n  o f  t h e  z e r o  c l a s s .  We w i l l  
n o t  d i s c u s s  t h i s  c o n g r u e n c e  i n  d e t a i l .  I n s t e a d ,  we w i l l  be 
c o n c e r n e d  w i t h  t h e  m o n o to n e  c o n g r u e n c e s  c o n t a i n i n g  ( a , b ) .
T h e r e  i s  a  n a t u r a l  p a r t i a l  o r d e r  o n  S , t h e  p r i n c i p a l
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i d e a l  o r d e r i n g ,  i . e . ,  a  _< b i f  Sa c  Sb . T h i s  o r d e r i n g  
may he i n t e r p r e t e d  g e o m e t r i c a l l y  a s  t h e  ' ' u p p e r - r i g h t ' '  
o r d e r i n g .  I t  w i l l  he  c o n v e n i e n t  t o  d e f i n e  a n o t h e r  o r d e r i n g  
o f  S , t h e  1 ' u p p e r - l e f t ' '  o r d e r i n g .
D e f i n i t i o n  2 . 3 . 5 .  F o r  a  = ( a ^ , a 2 ) ,  b = ( h 1 , b 2 ) e S , we
d e f i n e  a  h i f  < b^ a n d  a 2 > b 2 .
D e f i n i t i o n  2 . 3 . 6 .  I f  a  = ( a ^ , a 2 ) e S and  i f  t  i s  a
t  t  tn o n - n e g a t i v e  r e a l  n u m b e r ,  t h e n  a  = ( a ^ , b ^ )  i f  t  /  0
a n d  a 0 = l i m  a^ . I t  i s  c l e a r  t h a t  a 0 i s  one  o f  t h e  
t “*0
f o u r  i d e m p o t e n t s  ( 0 , 0 ) , ( 0 , 1 ) , ( 1 , 0 ) ,  o r  ( 1 , 1 ) .
We w i l l  now d e f i n e  a  c l a s s  o f  s u b s e t s  o f  S w h i c h  p l a y  a n  
i m p o r t a n t  r o l e  i n  t h e  s t u d y  o f  t h e  hom om orph ism s o f  S , 
e s p e c i a l l y  t h e  m on o to n e  ho m om o rp h ism s .
D e f i n i t i o n  2 , 3 . 7 .  F o r  a , b  e S ,
T ( a , b )  = {at b 1 - t  I 0 < t  < 1} .
We p o i n t  o u t  h e r e  t h a t  t h e r e  a r e  o t h e r  e q u i v a l e n t  
f o r m u l a t i o n s  o f  T ( a , b )  w h i c h  may be  o f  i n t e r e s t  i n  more  
g e n e r a l  c l a s s e s  o f  s e m i g r o u p s .  We s t a t e  t h e s e  w i t h o u t  
p r o o f .
T ( a , b )  = {ar b ^ ~ r  j r  r a t i o n a l ,  0 < r  _< 1 }*
= {x| t h e r e  e x i s t s  i n t e g e r s  p , q  2  0 s u c h  t h a t
x p+q = a Pb q }* .
33
N o te  t h a t  t h e  l a t t e r  d e f i n i t i o n  may he f o r m u l a t e d  f o r  a n
a r b i t r a r y  s e m i g r o u p .  We a l s o  o b s e r v e  t h a t  t h e  d e f i n i t i o n
2 . 3 . 7  may be  e x t e n d e d  t o  t h e  n - f o l d  p r o d u c t  o f  t h r e a d s :
t-( i/2 t n
T ( a v a 2 , a n ) = { a 1 a 2 . .  . a n  I i £ 1 = 1 } .
I n  t h i s  c a s e  T ( a . | , a 2 , . . . , a n ) i s  t h e  c o n t i n u o u s  im a g e  
o f  a  s t a n d a r d  n - s i m p l e x .  We w i l l  n o t  p u r s u e  t h i s  c o n c e p t  
f u r t h e r  i n  t h i s  p a p e r .  We p r o c e e d  t o  d e v e l o p  s e v e r a l
p r o p e r t i e s  o f  t h e  s e t s  T ( a , b ) .
T heorem  2 . 3 . 8 .  F o r  a , b  e S,  T ( a , b )  i s  a  c o n t i n u o u s
im age  o f  t h e  u s u a l  u n i t  i n t e r v a l  u n d e r  t h e  map 
"fc "1 ~"fccp( t )  = a  b a n d  h e n c e  i s  a  c o m p a c t  c o n n e c t e d  s u b s e t  o f  
S .
T heorem  2 . 3 . 9 .  I f  a  ^  b and  a  i  T21 , b  fi T ^  , t h e n
T ( a , b )  i s  a n  a r c  w i t h  e n d p o i n t s  a  and b .
P r o o f . S i n c e  a  >^- b ,  a^ < b^ , a n d  a  fi t 21 i m p l i e s
a 1 ^  0 and  h e n c e  b^ /  0 . S u p p o s e  a ^ b 1“ ^ = a s b 1 _ s  
f o r  0 _< t , s _< 1 a n d  t h a t  t  ^  s  . Then
a^  b!J“‘"fc = a^  "b] - 3  • M u l t i p l y i n g  b o t h  s i d e s  by a ^ s b ^ “ 1 ,
we o b t a i n  a ^ - s  = b ^ - s  a n d  t h e r e f o r e  t - s  = 0 . Hence
t h e  map cp(x) = a  b ” i s  o n e - t o - o n e  a nd  t h e r e f o r e  a
h o m e o m o rp h is m . S i n c e  a^ ^  0 /  b^ and  a 2 ^  0 /  b 2 , we
h a v e  cp(0 ) = a ° b 1~° = 1 -b = b a n d  
1 1 1cp( l )  = a  b = a*1 = a  . T h i s  c o m p l e t e s  t h e  p r o o f .
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T heorem  2 . 3 . 1 0 .  I f  x , y  e T ( a , b ) ,  t h e n  T ( x , y )  c: T ( a , b ) .
P r o o f . L e t  c = x r y 1 - r  e T ( x , y )  w h e r e  0 < r  < 1 , a n d
x  = a^b"*- ^ , y  = a s b ^ - s  w h e r e  0 t * s  _< 1 . L e t
p = r t  -  r s  + s .
T h en
a Pb 1 -P  _ a r t  -  r s  + s  -  r t  + r s  -  s
r t  - r s + s v 1 - r t + r s - s + r ~ r  = a  b
= ( a r t  b r  -  r t ) ( a s  * r s  b 1 '  3 -  r  + r s )
= ( ( * V  ( b 1 _ t ) r ) ( ( a s ) '1- r Cb1 - s ) 1 _ r )
= ( a V ’ V  ( a s b 1- s ) r  = x r y 1‘ r  = o .
We h a v e  t o  show now t h a t  0 _< p _< 1 . We w i l l  t h e n  h a v e
t h a t  c e T ( a , b ) . We h a v e
0 < s - r s  < r t  + s - r s  = p < r  + s - r s
= r ( 1 - s )  + s <_ 1 — s  + s = 1 ,
T heorem  2 . 3 . 1 1 .  F o r  a , b ,  x  e S \ E  , x T ( a , b )  = T ( x a fx b ) .
■f -1  4-
P r o o f . L e t  c = xz  e x  T ( a , b )  w h e r e  s = a b  (0 < t  < 1 ). 
Then
xz  = ( x V “ t ) ( a t b 1- t ) = ( x a ) ^ ( x b ) e  T ( x a , x b )  .
Now l e t  c = ( x a ) ^ ( x b ) 1 - ^ e T ( x a , x b ) .
T hen  c = x ta^ b * 1" ^ )  e  x  T ( a b )  .
Theorem  2 . 3 . 1 2 .  L e t  a  b , a  ^  T21 , b fL T^  ^ a nd
z e T ( a , b ) .  T h en  T ( a , b )  = T ( a , z )  U T ( z , b )  • and
T ( a , z )  d T ( z , b )  = { z } .
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P r o o f . T heorem  2 . 5 . 1 1  g i v e s  T ( a , z )  U T ( z , h )  a  T ( a , b )
*fc 1 —"fcs i n c e  a , b , z  z T ( a , h ) .  L e t  w e T ( a , b ) .  T h en  w = a  b
f o r  0 < t  < 1 . l e t  z = a s  b 1 3 w h e re  0 < s < 1 and
s u p p o s e  t  < s .  I f  s = 0 , t h e n  z = h a n d  we a r e  t h r o u g h
s i n c e  T ( b , b )  = {■bt b 1 _ t  | 0 < t  < 1 } = {h} . S u p p o se
s /  0 a n d  l e t  r  = ^ / s  . T h e n  0 < r  < 1 , 
and
w = a V _ t  = a s r b r ” r s  b 1‘ r  = ( a s b 1 - s ) r  b 1" r  
= z r b 1 _ r  e T ( z , b ) .
(
I f  o u r  a s s u m p t i o n  h a d  b e e n  t  > s , t h e n  t h e  c o n c l u s i o n  
w o u ld  h a v e  b e e n  w e T ( a , z ) .  T h e r e f o r e  
T ( a , b )  = T ( a , z )  U T ( z , b ) .
F o r  t h e  s e c o n d  a s s e r t i o n ,  s u p p o s e  w z T ( a , z )  fl T ( z , b ) .
T h en  t h e r e  e x i s t s  n u m b e r s  t , r  (0  < t , r  < 1) s u c h  t h a t
1 - t  t  r-, 1- r  „ .  s.  1 - s  ,w = a  z = z b . S i n c e  z = a  b , we h a v e
1 - t / s,  1 - s v t  / s. 1 - S v r  1 —ra  ( a  b J = ( a  b ; b ,
1 —t + t s  - . t - t s  r s  . 1 - r sa  b = a  b ,
1 - ( t - t s )  v t - t s  „ r s  V1 - r sa  b = a  b
By t h e  p r o o f  o f  T heorem  2 . 3 . 9  , we m u s t  h a v e
1 - t + t s  = r s  , o r
4. 1 - r s  
t  -  x ^ s “
1 —r sNow t—r — > 1 u n l e s s  r  = 1 , so we m u s t  h a v e  r  = t  = 1 ,J_ s
i . e . ,  w = z .
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T heorem  2 . 3 . 1 3 .  L e t  a  b  , a ^ T 2 1 , b ^ T p  • T h en  
t h e r e  e x i s t s  p o i n t s  a  e ^22*  ^  e T 12  s u c h  " that  
T ( a , b )  c  T ( a , b ) .
P r o o f . We w i l l  f i r s t  show t h a t  t h e r e  i s  a  p o i n t  a  e T 22
s u c h  t h a t  T ( a , b )  <r T ( a , b ) .  C o n s i d e r  t h e  two f u n c t i o n s  c p ^ t )
"1 ”fc "jj ^
= a^ b 1 » $ 2 ^ )  = a 2^ 2~ w h e r e  t  may r a n g e  o v e r  a l l
r e a l  n u m b e r s .  T h e s e  f u n c t i o n s  a r e  c o n t i n u o u s ,  and  s i n c e
0 < a^ < b 1 and  0 < b 2 < a 2 , i t  i s  e a s y  t o  show t h a t
cp^  i s  d e c r e a s i n g  a n d  cp2 i s  i n c r e a s i n g .  T h e r e  a r e  r e a l
n u m b e rs  t ^  , t 2 s u c h  t h a t  c p ^ ( t ^ )  = cP2 ( t 2 ) = 1 . S i n c e
cp^(O) = b 1 £  1 and  cp^  i s  d e c r e a s i n g ,  we m u s t  h a v e
t 1 < 0 . S i n c e  cp2 ( l )  = a 2 < 1 a n d  cp2 i s  i n c r e a s i n g
t  o 1 - ^ 2
we m u s t  h a v e  t h a t  t 2 > 1 . L e t  a  = (a., b^ , 1 ) .  We
a s s e r t  t h a t  T ( a , b )  cz T ( a , b )  .
We w i l l  show t h a t  a  e T ( a , b ) .  T h en  s i n c e  b e T ( a , b ) ,  t h e
■f
a s s e r t i o n  w i l l  f o l l o w  f r o m  Theorem  2 . 3 . 1 0 .  L e t  t  = T
2
S i n c e  t 2 >. 1 , 0 < t  < 1 , and
5 V _ t  =  ( a ^  t z  , 1 ) *  ( b ,  , T 3 2 ) 1 ' t
-  , v, 1 _ t 2 / t 2 * Z ~ V t 2  -— ( a^ b^ bq , b 2 )
t 2 - V - t 2
= (3"  ^ > b 2 ) .
t o  ^ ~ 2
Now q>2 ( t 2 ) = a 2 b 2 = 1 , so
t 2 - 1 / t 2 
b 2 = a 2 . Hence
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a  b = ( a 1 , a g )  = a  e T ( a , b ) .
We now a p p l y  t h e  same p r o c e d u r e  t o  T ( a , b )  ( i n s t e a d  o f  
T ( a , b ) )  t o  o b t a i n  a  p o i n t  b e T12 s u c h  t h a t
T ( a , b )  c; T ( a , b ) ,  T h en  s i n c e  T ( a , b )  a  T ( a , b ) ,  t h e  t h e o r e m
i s  p r o v e d .
We w i l l  now show t h a t  t h e  s e t s  T ( a , b )  w h e re  a  b , 
a  /  ^2-]* 13 ^  T 11 c o n g r u e n c e  c l a s s e s  w i t h  r e s p e c t
t o  some c l o s e d  c o n g r u e n c e  o n  S . We w i l l  show l a t e r  t h a t  
a l l  n o n - z e r o  c o n g r u e n c e  c l a s s e s  o f  c e r t a i n  m o no to n e  
c o n g r u e n c e s  on  S a r e  s e t s  o f  t h e  f o r m  T ( a , b ) .
L e t  a  )> b , a  ^  T^ 1 , b ^  , a n d  l e t  a , b  be
e l e m e n t s  o f  T2 2 ’ T 12 ’ r e s p e c t i v e l y ,  s u c h  t h a t
T ( a , b )  c: T ( a , b ) .  D e f i n e  a  r e l a t i o n  o n  S a s  f o l l o w s :
( x , y )  e £  i f  and  o n l y  i f  e i t h e r
( i )  x  = y  ,
( i i )  x , y  £ Bd( S)  fl S T ( a , b ) ,  o r
( i i i )  t h e r e  i s  a  r e a l  n u m b e r  p 2  1 s u c h  t h a t
x , y  e T ( a P , b P ) 0 S T ( a , b ) ,
We w i l l  p r o v e
Theorem 2 . 3 . 1 4 .  i s  a  c l o s e d  c o n g r u e n c e  o n  S .
_p  _p _Q. _Q.
Lemma 2 . 3 . 1 5 .  F o r  p , q .  _> 1 , T ( a  , b  ) D T ( a  , b  ) j- 0
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i f  and  o n l y  i f  p = q .
—P —P _ q  _ q
P r o o f . S u pp o se  T ( I  , Id ) fl T ( a  , b  ) ^  $ f o r  P , q  >. 1 .
L e t  y = ( i P ) ^  ( b P ) 1 = ( a  ) s ( b q ) 1 ^ S w h e r e  0 < t , s  < 1 .
W r i t i n g  t h e s e  e q u a l i t i e s  i n  t e r m s  o f  c o o r d i n a t e s ,  we 
o b t a i n
_ P t  _ P - p t  _ q s  _ q - q s
(a^ , 2^ ) =  ^ *
S i n c e  a^ ^  0 /  b 2 , and  ^  1 , ^  b^  ,
( 1 ) p t  = q s  , a n d
( 2 ) p -  p t  = q -  q s  .
H e n c e , p = q .
Lemma 2 . 3 . 1 5 .  F o r  p , q  > 0 ,
_P p  _ i  _ i  _p+q _p+q 
T ( a  ,b  ) . T ( a  , b  ) = T ( a  ,b  ) .
_p + _p 1 - s  _p _p
P r o o f . L e t  x = ( a  ) ( b  ) e T ( a  ,b  ) ,
q q q q
a n d  y = ( a ) s ( b ) - s e T ( a , b )
_ p t + q s  _ p ( l - t ) + q ( 1- s )
T h e n  xy = a  b
P+Q. -p _P+QL . „  _P+1 P+<1
= ( a  ) r  (b ) 1 r  e T ( a  ,b  )
we h a v e
w h e re  r  = ^
p+q ~ p+q p+q p +q.
Now l e t  z = ( a  ) (b  ) r  e  T ( a  ,i5 ) ,
T h en  z = ( a  ) r  (b  ) 1 - r  • ( a  ) r  (b  ) 1” r
_P _P _ !
so t h a t  z e T ( a , b ) * T ( a , b )
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P r o o f  o f  T heorem  2 . 3 . 1 4 .  I t  i s  c l e a r  t h a t  p  i s
r e f l e x i v e  and  s y m m e t r i c .  To show t h a t  p  i s  t r a n s i t i v e ,
l e t  ( x , y )  , ( y , w )  e £  . I f  e i t h e r  ( x , y )  e 4 0r
( y , w )  e A , t h e n  o b v i o u s l y  ( x , w )  e £  . I f
( x , y )  e Bd ( S )  fl S T ( a , b ) ,  t h e n  y  e T ^  U Tg-j . B u t
_P _P
T ( a  ,b  ) fl ( T ^  U T 2 1 ) = 0 f o r  a l l  p >_ 1 so t h a t  
_p _p
y  ft T ( a  ,15 ) f o r  p )  1 . T h en  s i n c e  ( y , w)  e £  ,
w s Bd ( S)  fl S T ( a , b )  . Now s u p p o s e
_p _p _Ql _q.
( x , y )  e T ( a  , b  ) fl S T ( a , b )  a n d  ( y , w)  e T ( a  , b  )D S T ( a , b ) .
By Lemma 2 . 3 . 1 5  , p = q. , and  h e n c e
_p _p
( x , w j  e T ( a  , b  ) fl S T ( a , b ) .  T h e r e f o r e  p  i s  t r a n s i t i v e .
We w i l l  now show t h a t  £  i s  a  c o n g r u e n c e .  L e t  ( x , y )  e £
a nd  z e S . I f  ( x , y )  e A,  t h e n  ( x z , y z )  e A . I f
x , y  e Bd ( S)  fl S T ( a , b ) ,  t h e n  so  a r e  x z  a nd  y z  s i n c e
t h i s  s e t  i s  a n  i d e a l  ( Bd ( S )  fl S T ( a , b )  i s  t h e  u n i o n  o f  t h e
s u b a r c  [ 0 , a 2 ] o f  T21 w i t h  t h e  s u b a r c  [ 0 , b . j 3 o f  1 ^ ) *
_P _ P N
Now i f  x , y  e T ( a  , b  ) fl S T ( a , b ) ,  we o b s e r v e  t h a t  t h e
a r c  T ( a ,  b)  s e p a r a t e s  0 f r o m  1 i n  S and  t h a t  z
l i e s  o n  a  t h r e a d  i n  S f r o m  0 t o  1 .. I t  f o l l o w s  t h a t
t h i s  t h r e a d  m u s t  i n t e r s e c t  T ( a , b )  i n  some p o i n t  w .
S i n c e  z a nd  w l i e  on  a  t h r e a d ,  we m u s t  h a v e  z = w '1
_ t  _ 1 - t
f o r  some p o s i t i v e  r e a l  num ber  q. . I f  w = a  b ,
t  _q  ^_+ _q _q
t h e n  z = ( a  ) (b  ) and  h e n c e  z e T ( a  ,b  ) .  I t
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_p+q. _ p + q.
f o l l o w s  f r o m  lemma 2 . 5 . 1 6  t h a t  x z , y z  £ T ( a  , h  ) and
t h e r e f o r e  ( x z , y z )  e £
The o n l y  t h i n g  r e m a i n i n g  t o  be shown i s  t h a t  P i s  c l o s e d .
L e t  {xn , y n )} be  a  s e q u e n c e  i n  £  s u c h  t h a t
(x n , y n ) — > ( x , y ) .  I f  ( x n , y n ) e A f o r  a r b i t r a r i l y  l a r g e
v a l u e s  o f  n  , t h e n  ( x , y )  £ A.  A l s o ,  i f
( x n , y n ) e Bd ( S )  fl S T ( a , b )  f o r  a r b i t r a r i l y  l a r g e  v a l u e s  .
o f  n  , t h e n ,  s i n c e  t h i s  s e t  i s  c l o s e d ,
( x , y )  e Bd ( S )  fl S T ( a , b ) .  Now s u p p o s e
_Pn _Pn( x n , y  ) e T ( a  , b ) 0 S T ( a , b )  f o r  n  s u f f i c i e n t l y  l a r g e
(we may,  i n  f a c t ,  a s su m e  t h a t  t h i s  h o l d s  f o r  a l l  n  ) .  T h e n
_Pn + - Pn 1- t  _Pn „ _Pn i _ s
xn  = ( a n  ) n . ( b n  ) n  a n d y n  = ( a n  ) n  ( b n  ) n  f o r
t  and  s n  s u c h  t h a t  0 _< t n , s n  < 1 . I f  pn  — > ,
_pn  _ pn
t h e n  a n  — > ( 0 , 1 ) a n d  b n  — > ( 1 , 0 ) a n d  so t h e  p o i n t s
x n , y n  c o n v e r g e  t o  p o i n t s  x , y  o n  t h e  b o u n d a r y  o f  S .
S i n c e  xn >yn  e S T ( a , b )  f o r  a l l  n  , t h e n  x , y  £ S T ( a , b )
and  we c o n c l u d e  t h a t  x , y '  e Bd( S)  fl S T ( a , b )  . I f  t h e  s e t
{pn } i s  b o u n d e d ,  t h e n  t h e  s e q u e n c e  o f  t r i p l e s  (pn , t n , s n )
a s  a  s u b s e t  o f  R x l x l  (R d e n o t e s  t h e  p o s i t i v e  r e a l
n u m b e r s )  h a s  a  c l u s t e r  p o i n t  a n d  h e n c e  a  c o n v e r g e n t
s u b s e q u e n c e .  T h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  a s s u m i n g
t h a t  (Pn . t n , 0n ) — > ( p , t , s ) .  T h e n  x n  — > ( a  ) t (b  ) 1 _ t  = x
a n d  y n  — > ( I P ) S ( b  $ 1 ” 8 = y  .
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Hence ( x , y )  e £T . T h i s  c o m p l e t e s  t h e  p r o o f  t h a t  i s
a  c l o s e d  c o n g r u e n c e .
I t  i s  e a s y  t o  s e e  t h a t  T ( a , b )  fl S T ( a , h )  = T ( a , b )  . T hus
we h a v e  shown t h a t  t h e r e  i s  a  c l o s e d  c o n g r u e n c e  g  s u c h
t h a t  T ( a , b )  i s  a  c o n g r u e n c e  c l a s s  m odulo  . The o t h e r
n o n - z e r o  c o n g r u e n c e  c l a s s e s  a r e  s e t s  o f  t h e  f o r m  
P _P
T ( a  ,b  ) fl S T ( a , b ) . I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  t h e s e  
s e t s  a r e  s e t s  o f  t h e  f o r m  T ( a ' , b ' )  w h e r e  a 1 , b ’ a r e  
p o i n t s  o f  t h e  f o r m  a '  = (a.j , a 2 ) »
b '  = ( b 1 , b p  , CO < a^ < a 1 , 0 < b^  1  b 2 ) * The z e r o
c o n g r u e n c e  c l a s s  i s  Bd ( S)  0 S T ( a , b ) .  I f  f  d e n o t e s  t h e
Q
n a t u r a l  map f : S  — > , t h e n  s i n c e  e a c h  o f  t h e  n o n - z e r o
c o n g r u e n c e  c l a s s e s ,  w i t h  t h e  e x c e p t i o n  o f  T ( a , b ) ,  s e p a r a t e s  
S T ( a , b ) ,  f  maps S T ( a , b )  o n t o  a n  a r c  w i t h  e n d p o i n t s  f ( 0 )  
and  f ( a ) .  We w i l l  now show t h a t  e v e r y  m o no to n e  c o n g r u e n c e  
o n  S c o n t a i n i n g  ( a , b )  m u s t  c o n t a i n  T ( a , b ) ,  a n d ,  i n  f a c t ,  
m u s t  c o n t a i n  t h e  c o n g r u e n c e  £  d e f i n e d  a b o v e .
T heorem  2 . 3 . 1 7 .  L e t  f : S  — > T be a  m o n o to n e  homomorphism  
f r o m  S o n t o  T ; l e t  a  )> b , a  £  T21 , b ^  T ^  , a nd
f ( a )  = f ( b )  jt f t O ) .  T h en  f ( a )  = f ( b )  = f ( x )  f o r  a l l
x  e T ( a , b )  .
—  1P r o o f . L e t  C = f  ( f ( a ) )  i . e . ,  t h e  c o n g r u e n c e  c l a s s  
c o n t a i n i n g  a  and  b . T h en  C i s  c o n n e c t e d .  S i n c e  
0 £ C , t h e r e  i s  a n  o p e n  s e t  V c o n t a i n i n g  1 s u c h  t h a t
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xC fl CQ = $  f o r  e v e r y  x  e V (w h e re  CQ d e n o t e s  t h e  
c o n g r u e n c e  c l a s s  c o n t a i n i n g  0 ) .  S i n c e  b 2 < a 2 , t h e r e  
i s  a  r e a l  n u m b e r  t  s u c h  t h a t  0 < t  < 1 a n d  b 2 = t a 2 .
T h e r e  i s  a  p o s i t i v e  i n t e g e r  N s u c h  t h a t  i f  n  > N , t h e n
1 ~  nt h e  p o i n t  ( 1 , t n ) e V . F i x  n  > N a n d  l e t  y 2 = t
a n d  y  = ( 1 , y 2 ) .  T h e n  b 2 = y 2 a 2 • We,-have
b 2 — ^ 2  a 2 — a 2 f o r  0 — ^  — n  •
T h e n  t h e r e  a r e  p o i n t s  c ^ , ^ ,  C w h i c h  h a v e
2 n —1
s e c o n d  c o o r d i n a t e s  y 2 a 2 > y 2 a 2 ’ * * * ’ y 2 a 2 * F o r  s u PPo s e > 
f o r  e x a m p l e ,  t h a t  C c o n t a i n e d  no p o i n t  w i t h  s e c o n d
c o o r d i n a t e  y 2 a 2 • Tilen
C = { ( x 1 t x 2 ) e C | x 2 < y 2 a 2 }U{( x 1 , x 2 ) £ C | x 2 > y 2a 2 ) »
a n d  s i n c e  b o t h  o f  t h e s e  s e t s  a r e  n o n - e m p t y  (o n e  c o n t a i n s
b an d  t h e  o t h e r  a  ) , t h i s  w o u ld  c o n t r a d i c t  t h e  f a c t  t h a t
C i s  c o n n e c t e d .  F o r  c o n s i s t e n c y  o f  n o t a t i o n ,  we w i l l  l e t
c = a  an d  c = b . The f i r s t  c o o r d i n a t e  o f  c, w i l l  o n  k
be d e n o t e d  b y  c -^  so t h a t  c^  = ( c k 1 , y 2a 2 ) ,  k  = 0 , 1 , . . . , n  .
S i n c e  f ( a )  = f t c ^ )  a n d  y 2 a 2 < a 2 > we mus't  h a v e
a 1 < c i i  » f ° r  i f  a -^ 2. c -n » "then c^ £ aS , a nd
T h e o re m s  2 . 3 . 1 ,  2 . 3 . 3 ,  a n d  2 . 3 . 4  w o u ld  g i v e
f ( a )  = f ( c ^ )  = f ( 0 ) , c o n t r a d i c t o r y  t o  t h e  h y p o t h e s i s .
T h e r e f o r e ,  t h e r e  i s  a  n u m b er  x  s u c h  t h a t  0 < x^ < 1 and
x 1 c ^  = a 1 . L e t  x  = ( x ^ l ) ;  t h e n
x c 1 = ( 3C1 c 11 , y 2a 2 ) = (1 , y 2 ) ( a 1 , a2 ) = y a  = y c Q .
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T h e n ,  s i n c e  , a  e C , xC fl yC /  , and  i t  f o l l o w s
t h a t  xC U yC i s  c o n t a i n e d  i n  a  s i n g l e  c o n g r u e n c e  c l a s s
w h i c h  d o e s  n o t  c o n t a i n  0 s i n c e  y e V . T h en
x c 2 , y c 1 e xC U yC , and  so f ( x c 2 ) = f C y c ^ ) .  B u t  t h e  p o i n t s
2
x c 2 and y c ^  h a v e  t h e  same se c o n d  c o o r d i n a t e s  y~2a 2
a n d  s i n c e  0 fL C , C c a n n o t  c o n t a i n  two d i f f e r e n t  p o i n t s
w i t h  t h e  same s e c o n d  c o o r d i n a t e  By T h e o re m s  2 . 3 . 1 ,  2 . 3 . 3 ,  
a n d  2 . 3 . 4 .  Hence x c 2 = yc^  . . P r o c e e d i n g  i n  t h i s  m a n n e r ,  
we o b t a i n ,  f o r  0  _< k  < n  ,
( 1 ) x c k  = y o j ^ ,  .
Now s i n c e  y  h a s  f i r s t  c o o r d i n a t e  1 , t h e  p o i n t  c n _^ h a s
t h e  same f i r s t  c o o r d i n a t e  a s  y ° n _ i  w h i c h  i n  t u r n  h a s  t h e  
same f i r s t  c o o r d i n a t e  a s  x c n  , by ( 1 )  . Thus
c n~1 = ( x 1c k1» y 2_1 a 2^ = ( x 1b 1 ’y 2 ~ 1&2 ^ * A p p l y i n g  t h e  
same a r g u m e n t  t o  c n _2  » we ^ a v e  t h a t  c n _2  iias  same
f i r s t  c o o r d i n a t e  a s  x c n _-| » arLC* h e n c e
2 'n- 2c n _ 2 = (x^ b 1 , y 2 a 2 ) . P r o c e e d i n g  i n  t h i s  m a n n e r ,  we h a v e
t h a t
( 2 ) ck = ( x ^ " k b 1 , y k  a 2 ) , (Q < k  < n )
I n  p a r t i c u l a r ,  we h a v e  a  = c Q = ( x ^  b ^ , a 2 ) , and  
a n d  b = c n  = (,b1 , y 2 a 2 ) , so  t h a t  a 1 = x ^  b 1 a nd
nb 2 = y 2 a 2 . S o l v i n g  f o r  and y 2 , we h a v e
I
b 2 \ n
( 3 ) ^  = a n d  y 2 = ( —
T h en  f o r  k  = 0 , 1 ,  . . . ,  n  , we a p p l y  ( 2 )  and  ( 3 )  t o  o b t a i n
S i n c e  n  was  a n  a r b i t r a r y  i n t e g e r  g r e a t e r  t h a n  o r  e q u a l  
t o  a  f i x e d  i n t e g e r  U , we h a v e  p r o v e d  t h a t  C c o n t a i n s  
t h e  s e t  o f  p o i n t s
B u t  t h i s  s e t  o f  p o i n t s  i s  d e n s e  i n  T ( a , b ) . S i n c e  C i s
c l o s e d  we c o n c l u d e  t h a t  T ( a , b )  c  C .
I t  i s  a  m a t t e r  o f  c o u r s e  t o  show t h a t  t h e  c o n g r u e n c e  £  
o f  T heorem  2 . 5 . 1 4  i s  c o n t a i n e d  i n  t h e  c o n g r u e n c e  i n d u c e d  
on  S by t h e  hom om orph ism  f  o f  T heorem  2 . 5 . 1 7  a n d  t h i  
w i l l  n o t  be  p r o v e d  h e r e .  R e g a r d i n g  t h e  hom om orph ism  f  ,
i t  i s  c l e a r  t h a t  t h e  c o n g r u e n c e  c l a s s  C c o n t a i n i n g  a
and  b i s  t o t a l l y  o r d e r e d  w i t h  r e s p e c t  t o  ' ’ 11 .
F o r  i f  two p o i n t s  x , y  o f  S a r e  n o t  c o m p a r a b l e  w i t h  
r e s p e c t  t o  i » y  f t h e n  t h e y  m u s t  be  c o m p a r a b l e  w i t h  
r e s p e c t  t o  t h e  i d e a l  o r d e r i n g ,  i . e . ,  e i t h e r  x  e Sy o r  
y e Sx . B u t  s i n c e  C /  CQ, C c a n n o t  c o n t a i n  two p o i n t
n - k  1 -  n - k
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w h i c h  com pare  w i t h  r e s p e c t  t o  t h e  i d e a l  o r d e r i n g .  - I t  f o l l o w s  
t h a t  C c o n t a i n s  m ax im al  an d  m in i m a l  p o i n t s  a 1 , b 1, 
r e s p e c t i v e l y ,  r e l a t i v e  t o  1 ' ' '  . Then  by Theorem 2 . 3 . 1 7 ,
we m u s t  h a v e  t h a t  G = T t a ’ j b ' ) .  We sum up  o u r  r e s u l t s  
i n  t h e  f o l l o w i n g  c o m p o s i t e  t h e o r e m :
Theorem  2 . 3 . 1 8 .  I f  a  b , a  fL T21 , b fL T ^  , t h e n  
t h e r e  i s  a  m ono tone  c o n g r u e n c e  ^  on  S s u c h  t h a t  
T ( a , b )  i s  a  c o n g r u e n c e  c l a s s  o f  . i f  £  1 i s  any
m onotone  c o n g r u e n c e  on S s u c h  t h a t  ( a , b )  £ , t h e n
T ( a , b )  c  C w h e re  C i s  t h e  c o n g r u e n c e  c l a s s  o f  a and
b . F u r t h e r m o r e ,  t h e r e  e x i s t  e l e m e n t s  a ' , b '  e S s u c h
t h a t  G = T ( a * , b * ) .
I t  was  n o t e d  p r e v i o u s l y  ( w i t h o u t  p r o o f )  t h a t  i f  a  b , 
a  ^  T21 , b ft T ^  , t h e n  t h e r e  i s  a  c l o s e d  c o n g r u e n c e  ^
( t h e  m in im a l  c l o s e d  c o n g r u e n c e  c o n t a i n i n g  ( a , b ) )  f o r  w h ic h  
t h e  s e t  {a , b}  i s  a  c o n g r u e n c e  c l a s s .  The z e r o  c l a s s  
CQ o f  t h i s  c o n g r u e n c e  i s  t h e  s e t
B d ( s )  fl S T ( a , b )  = B d ( s )  fl ( S a  U Sb) . The f o l l o w i n g  t h e o r e m  
w i l l  i n d i c a t e  t h a t  e v e n  i n  t h e  c a s e  o f  n o n -m o n o to n e  
c o n g r u e n c e s ,  t h e  s e t  T ( a , b )  p l a y s  a  r a t h e r  s p e c i a l  r o l e .
Theorem 2 . 3 . 1 9 .  L e t  a , b ,  ^  , CQ , be  a s  i n  t h e
p a r a g r a p h  a b o v e .  I f  c e S and  d e n o t e s  t h e  m in im a l
c l o s e d  c o n g r u e n c e  c o n t a i n i n g  ( a , c )  and  ( b , c )  and
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d e n o t e s  t h e  z e r o  c l a s s  o f  ^ , t h e n  i f  CM = CQ , 
c e T ( a , b ) .
P r o o f . I f  c = (c^  , 0 ^ )  and  > &2 » t h e n  0^ c o n t a i n s
t h e  p o i n t  ( 0 , 0 2 ) w h i c h  i s  n o t  i n  CQ . S i m i l a r l y ,  i f
c ,  > h .  , t h e n  C  c o n t a i n s  ( c 1 , 0 ) w h i c h  i s  n o t  i n  C1 1 o
s i n c e  b^ < . So we m u s t  h a v e  < h ^ , C2 < &2 ,
i . e . ,  c e S ( b ^ , a 2 ) .  I t  i s  e a s y  t o  s e e  t h a t  T ( a , b )  s e p a r a t e s
( h 1 , a 2 ) f r o m  0 i n  S ( b 1 , a 2 ) a n d  so e i t h e r
Sc D T ( a , b )  ^  $ , o r  c e S T ( a , b ) . Assume t h e  f o r m e r
h o l d s ;  t h e  p r o o f  i f  t h e  l a t t e r  h o l d s  i s  s i m i l a r .  I f
c p T ( a , b )  a n d  Sc fl T ( a , b )  /  0  , t h e n  t h e r e  i s  a  r a t i o n a l
nu m ber  ^  s u c h  t h a t  x  = a m//n b 1-m//n e ( S c ) °  , o r
(a.™/ n  , a “ / n  £ ( S o ) 0 . T h e r e f o r e
a m /n  b 1 - m / n  < ^  ( a n d  an / n  b 1 - m / n  < ^  _ T h e r e f o r e
( 1 ) o ?  > ( a ® /11 h ] - m/ n ) n  = a ”  b " - m , a n d
( 2 ) c *  > ( a “ / n  h j - ” / 11) 11 = a“  b f m .
Now s i n c e  ( a , c ) ,  ( b , c )  £ , we h a v e
/ x/ m-1  m - h  / m m> *=. t( a , c ; ( a  , c  ; = (a* , c ; e p, , and
/ m mw , n - m  n-m> / m ,n-m  n« ~ + ..( a  , c  j ( b  , c  ) = ( a  b , c ; e p  . B u t  t h e
i n e q u a l i t i e s  ( 1 ) and  ( 2 )  i m p l y  t h a t  a mbn-ID e ( S c 11) 0 and
T heorem  2 . 3 . 1  g i v e s  c n  e \  CQ . T h i s  c o n c l u d e s
t h e  p r o o f .
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T heorem  2 . 3 . 2 0 .  I f  f : S  — > T i s  a  m o n o to n e  homomorphism  
f ro m  S o n t o  T , t h e n  T = A U B w h e r e  A i s  a n  a r c
o r  a  p o i n t  a nd  a n  i d e a l  o f  T , B i s  a  t w o - c e l l  o r  a
p o i n t ,  a n d  A fl B = {p} w h e re  P e Bd( B)  a n d  p i s  a n  
e n d p o i n t  o f  A .
P r o o f . The n o n - z e r o  c o n g r u e n c e  c l a s s e s  m odulo  t h e  c l o s e d
c o n g r u e n c e  i n d u c e d  by  f  a r e  e i t h e r  ' ' v e r t i c a l 11 i n t e r v a l s
( t r a n s l a t e s  o f  t h o r i z o n t a l  i n t e r v a l s  ( t r a n s l a t e s
o f  ^ 22)  > o r  s e ^ s o f  ^ lie fo rm  T ( a , b )  w h e re  a  b ,
a  ^  T^^ , h ^  T ^  . T h i s  f o l l o w s  f ro m  T h eo re m s
2 . 3 . 1 ,  2 . 3 . 3 ,  2 . 3 . 4 ,  and  2 . 3 . 1 8 .  T h e r e f o r e ,  i f  t  i s  a
1c u t p o i n t  o f  T , t h e n  f  ( t )  i s  e i t h e r  a T ^  w h e re
a e T2 2 > ^ T22  w l iere  13 e T 12  * o r  w h e re
a  e T 22  , ^ e ^ 1 2  ‘ ^  c a n  136 sllown v e r y  e a s i l y ,  u s i n g  t h e
— 1same t h e o r e m s ,  t h a t  i f  f  ( t )  i s  o f  a ny  one o f  t h e s e
— 1t h r e e  f o r m s ,  t h e n  f  ( s )  i s  o f  t h e  same fo rm  f o r  any  
o t h e r  c u t p o i n t  s e T . I f  T h a s  no o u t p o i n t s ,  t h e n  T 
i s  a  t w o - c e l l  by T heorem  2 . 1 . 5 .  S u p p o se  t h e n  t h a t  T h a s
o u t p o i n t s  and  d e n o t e  t h e  s e t  o f  o u t p o i n t s  o f  T by  A .
I t  f o l l o w s  f r o m  T heorem  2 . 3 . 3  a n d  t h e  r e m a r k  f o l l o w i n g  
T heorem  2 . 3 . 1 6  t h a t  A i s  a n  a r c .  I f  p = s u p { t | t  e A } , 
t h e n  A = f [ S f ~ 1 ( p ) ]  and  s i n c e  S f “ 1 ( p )  i s  a n  i d e a l  
o f  S , A i s  a n  i d e a l  o f  T . I f  p = f ( l ) ,  t h e n  T i s
a n  a r c  and  we may l e t  B = {f ( 1 ) }  t o  o b t a i n  t h e  c o n c l u s i o n  
o f  t h e  t h e o r e m .  I f  p /  f ( l ) ,  t h e n  t h e  s e t
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S \  ( s f - 1 (p )  U f ""1 (p)j  = D i s  a  t w o - c e l l  and  f ( D )  c o n t a i n s  
no o u t p o i n t s  o f  T e x c e p t  p s i n c e  A fl f ( D )  = {p}.
S i n c e  f ( p )  ^  f * ( l ) ,  f [ B d ( ] } ) ]  i s  n o n - d e g e n e r a t e .  I t  t h e n  
f o l l o w s  f r o m  T heorem  2 . 1 . 5  t h a t  B = f ( D )  i s  a  t w o - c e l l .
CHAPTER III
3 .1  PRELIMINARIES
D e f i n i t i o n  3 . 1 . 1 .  l e t  S be  a  s e m i g r o u p  w i t h  i d e n t i t y  
e l e m e n t  1 , A l o c a l  o n e - p a r a m e t e r  s e m i g r o u p  i n  S i s  a
c o n t i n u o u s  o n e - t o - o n e  f u n c t i o n  o : [ o , a ]  — > S (0 < a  < 1) 
s u c h  t h a t  O’(O) = 1 a n d  ffCb + c )  = f f (h)<7(c)  f o r  a l l  
h , c  e [ 0 , a ]  f o r  w h i c h  h + c z [0 , a ] .
D e f i n i t i o n  3 . 1 . 2 .  L e t  R^ = [ 0 , a i ] ,  (0 < a ^  < 1 ,
i  = 1 , 2 , . . . , n )  a n d  l e t  Rn  = R  ^ x R2 x . . .  x Rn  . A l o c a l
n - p a r a m e t e r  s e m i g r o u p  i s  a  c o n t i n u o u s  o n e - t o - o n e  f u n c t i o n  
C7:Rn  — > S s u c h  t h a t  c r [ ( 0 , 0 , . . . , 0 ) ]  = 1 and
O [  ( b . |To2  y • .  • , ^ n ) ® [  ( c -| > c 2  > • • • » C n ^  ^   ^ ^ 1 + c  1 * * * +  ^ n + c n ^  ^
f o r  a l l  ( h 1 , . . .  , b n ) , ( c 1 , .  . . , c n ) f o r  w h i c h  e R^ .
M o s t e r t  a n d  S h i e l d s  i n  [ 1 9 ]  g a v e  s u f f i c i e n t  c o n d i t i o n s  
f o r  t h e  e x i s t e n c e  o f  a  l o c a l  o n e - p a r a m e t e r  s e m i g r o u p  <J 
s u c h  t h a t  < * ( [ 0 , a ] )  ( IH^ = { l } .  Koch i n  [ 1 5 ]  g a v e  
s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  a  m in  t h r e a d  
i n  S e m a n a t i n g  f r o m ’ 1 . I n  t h i s  c h a p t e r ,  we w i l l  he 
c o n c e r n e d  w i t h  t h e  e x i s t e n c e  o f  l o c a l  n - p a r a m e t e r  
s e m i g r o u p s  and  w i t h  t h e  e x i s t e n c e  o f  t w o - c e l l s  w h i c h
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c o n t a i n  1 i n  t h e i r  b o u n d a r y .  The e x i s t e n c e  o f  s u c h  o b j e c t s  
w i l l  be  b a s e d  on  t h e  e x i s t e n c e  o f  c e r t a i n  c o l l e c t i o n s  
o f  t h r e a d s  a n d \ o r  l o c a l  o n e - p a r a m e t e r  s e m i g r o u p s .
M o s t e r t  a n d  S h i e l d s  i n  [ 1 9 ]  .p ro v e d  t h e  f o l l o w i n g  t h e o r e m :
T heorem  3 . 1 . 3 .  I f  c * : [0 . , a ]  — > S i s  a  lQ .c a l  o n e - p a r a m e t e r  
s e m i g r o u p  i n  a  c o m p a c t  s e m ig r o u p  S w i t h  i d e n t i t y ,  t h e n  
<J may be  e x t e n d e d  t o  a  hom omorphism  a : [ 0 ,°°) — > S .
I n  [ 1 3 ]  a n d  [ 1 9 ] - ,  t h e  s t r u c t u r e  o f  {a  ' ( [ 0  , “ ) ) } *  i n  s  
was  c o m p l e t e l y  d e t e r m i n e d .  We w i l l  u s e  o n l y  t h e  f o l l o w i n g  
f a c t :
T heorem  3 . 1 . 4 .  L e t  <*:[0,°°) — > S be a  hom om orph ism  s u c h  
t h a t  a ( 0 )  = 1 a n d  ^([OjC®))  fl = {1} .  L e t  L = 
{ a ( [ 0 ,co))} and  l e t  K deno , te  t h e  k e r n e l  o f  L . T hen  
K i s  a  c o m p a c t  a b e l i a n  g r o u p  and  t h e  R e e s  q u o t i e n t  o f  L 
modulo  K i s  e i t h e r  a  u s u a l  t h r e a d  o r  a  n i l p o t e n t  t h r e a d .
A n o t h e r  r e s u l t  on  t h e  e x i s t e n c e  o f  o n e - p a r a m e t e r  s e m i g r o u p s  
i s  due  t o  L e s t e r  i n  [ 1 6 ]  H ere  t h e  p r e s e n c e  o f  c e r t a i n  
d i v i s i b i l i t y  c o n d i t i o n s  a r e  n e c e s s a r y  f o r  t h e  c o n s t r u c t i o n .  
We make t h e s e  r e m a r k s  e x p l i c i t  i n  t h e  f o l l o w i n g  t h e o r e m  
w h i c h  i s  a  d i r e c t  c o n s e q u e n c e  o f  t h e  r e s u l t s  i n  [ 1 6 ] .
T heorem  3 . 1 . 5 .  L e t  S be .a c o m p a c t  s e m i g r o u p  a n d  l e t
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x e S . S u p p o se  t h a t  f o r  e a c h  p o s i t i v e  i n t e g e r  n  , t h e r e  
e x i s t s  a n  e l e m e n t  z n  ^  x  s u c h  t h a t  z ^  = x . T h e n  
t h e r e  i s  a n  i d e m p o t e n t  e s u c h  t h a t  e i s  a  c l u s t e r  p o i n t  
o f  {z } . I f  H = {e } ,  t h e n  t h e r e  i s  a  o n e - p a r a m e t e rXX
s e m i g r o u p  < * : [ 0 , a ]  — > S s u c h  t h a t  cr (o)  = e a nd  
o ( a )  -  x  .
3 . 2  n-PARAMETER SEMIGROUPS IN A COMPACT SEMIGROUP.
D e f i n i t i o n  3 . 2 . 1 .  L e t ' T  = {T^ ,T£ , • • • »Tn }1 he a  c o l l e c t i o n  
o f  t h r e a d s  c o n t a i n e d  i n  a  co m p a c t  s e m i g r o u p  S w i t h  
i d e n t i t y  1 s u c h  t h a t  u^  = 1 , i  = 1 , 2 , . . . , n  , w h e r e  u^  
d e n o t e s  t h e  i d e n t i t y  o f  T^ . The c o l l e c t i o n  CJ* i s  s a i d  
t o  he l o c a l l y  i n d e p e n d e n t  i f  f o r  e a c h  i  , (1 < i  < n ) , t h e r e  
e x i s t s  a  p o i n t  t .  e T. s u c h  t h a tX X
a n d  [ z ^ , t ^ . ]  -  {t  e Ti  | z^  < t  < t ^ } .  The c o l l e c t i o n  
i s  s a i d  t o  he i n d e p e n d e n t  i f  f o r  a n y  s e p a r a t i o n
T  = <T 1 u T 2 o f  T  w h e re  CJ ' 1 /  0  0  ^ 2 ^ 1  n ^  2 = ^  ’ 
t h e n  T T { T  I T e <rf 1 } fl 7]-{T | T e = 0 .
T heorem  3 . 2 . 2 .  L e t  S he  a  c o m p a c t  s e m i g r o u p  w i t h  i d e n t i t y  
a nd  l e t  {T^ , ^ 2  ^ a  i ° c a l l y  i n d e p e n d e n t  c o l l e c t i o n  o f
t h r e a d s  i n  S s u c h  t h a t  e a c h  o f  T ^ i s  e i t h e r  a  u s u a l  
o r  n i l p o t e n t  t h r e a d  a n d  T^ a nd  T^ commute e l e m e n t w i s e ,  
i  . e . , t 1 t g  = ^ 2^1 f o r  ^1 £ »’ "t 2 e T 2 * ^ l ie n  i h e r e  i s
[ z - . t . l  w h e r e  z .  d e n o t e s  t h e  z e r o  o f  T. 
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a  l o c a l  2 - p a r a m e t e r  s e m i g r o u p  a  i n  S .
P r o o f . We d e f i n e  c p : T ^  T2 — > s  ~ ^ 1 ^ 2  '
I t  i s  c l e a r  t h a t  cp i s  a  c o n t i n u o u s  hom omorphism  f r o m  
T 1 *  T 2 c o o r d i n a t e - w i s e  m u l t i p l i c a t i o n )  o n t o  t h e  s u b s e t
o f  S . We w i l l  show t h a t  cp i s  o n e - t o - o n e  i n  a  
n e i g h b o r h o o d  o f  ( 1 , 1 ) .  T h e n ,  s i n c e  t h e  i n t e r v a l  ( 0 , 1 ]  
u n d e r  o r d i n a r y  m u l t i p l i c a t i o n  i s  i s e o m o r p h i c  t o  t h e  
n o n - n e g a t i v e  r e a l  n u m b e r s  u n d e r  o r d i n a r y  a d d i t i o n ,  t h e  
c o n c l u s i o n  o f  t h e  t h e o r e m  w i l l  f o l l o w .  We w i l l  r e s t r i c t  
o u r  a t t e n t i o n  t o  t h e  c a s e  w h e re  T^ and  T^ a r e  b o t h  
u s u a l  t h r e a d s .  T h i s  w i l l  r e s u l t  i n  no l o s s  o f  g e n e r a l i t y  
s i n c e  i f  e i t h e r  o r  b o t h  o f  T^ a n d  T2 a r e  n i l p o t e n t  
t h r e a d s ,  t h e n  t h e  p r o d u c t  T ^x  T2 i s  a  hom om orph ic  im age
o f  t h e  p r o d u c t  o f  two u s u a l  t h r e a d s .
S u p p o s e  cp i s  n o t  o n e - t o - o n e  i n  a n y  n e i g h b o r h o o d  o f  ( 1 , 1 ) .  
T h e n  t h e r e  e x i s t s  a  s e q u e n c e  ( a n , b n ) » ( a n >^n  £ T-|* T 2 > 
n  = 1 , 2 , . . .  ) , s u c h  t h a t  a n  ^  b , (&n >bn ) — > ( 1 , 1 ) a nd  
cp(an ) =  cp(bn ) .  I f  bn  £ ( San ) °  f o r  a r t i 't r a r i 1y l a r g e  v a l u e s  
o f  n  , t h e n ,  f o r  t h e s e  v a l u e s  o f  n  , T heorem  2 . 3 . 1  g i v e s  
<¥>(3^) = ^ ^ n ^  = ^ ( 0 ) .  T h en  t h e  c o n t i n u i t y  o f  cp w o u ld  
g i v e  cp(0 ) = cp(1 ) w h i c h  w o u ld  g i v e  t h e  c o n t r a d i c t i o n
T-|T2 = {1} - Now s u p p o s e  b n  e ( S a n ) \  ( S a n ) °  f o r
a r b i t r a r i l y  l a r g e  v a l u e s  o f  n  , s a y
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b n2 ^ a n2 ’ L e "t T 12 = ^   ^ *  T2 * T l ien  T h e o re m  2 . 3 . 3  , 
we h a v e  cp(an ) = ^ ( a ^ T . ^ )  ^ o r  a r b i t r a r i l y  l a r g e  v a l u e s  o f
n  . T h i s  g i v e s  <p ( ( 1 , 1 ) )  = cp(T1 2 ) a n d  by T h e o re m  2 . 3 . 3 ,
cp(T^ T rJ  m u s t  be e i t h e r  a  p o i n t  o r  a  t h r e a d  w i t h  1 a s
a n  e n d p o i n t .  I n  e i t h e r  c a s e  t h i s  g i v e s  a  c o n t r a d i c t i o n
s i n c e  cp(T1 x  T2 ) = T i T 2 => T1 U T2 , a n d  s i n c e  {T1 ,T 2 } i s
a  l o c a l l y  i n d e p e n d e n t  c o l l e c t i o n ,  i t  i s  c l e a r  t h a t  T^T2
c a n n o t  be  e i t h e r  o f  t h e ' t w o  o b j e c t s  a b o v e .
The o n l y  r e m a i n i n g  c a s e  i s  w h e r e  b n  £ ° r  n
s u f f i c i e n t l y  l a r g e ,  a n d  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  we w i l l  
a s su m e  t h a t  t h i s  h o l d s  f o r  a l l  v a l u e s  o f  n  . C h o o se
c = ( c 1 , c 2 ) w h e r e  0 < c^ < 1  a n d  0 < l - c 2 < e w he re
e i s  a  f i x e d  b u t  a r b i t r a r y  p o s i t i v e  n u m b e r .  T h e n  t h e r e  
e x i s t s  a  p o s i t i v e  num ber  IT s u c h '  t h a t  i f  n  > N , t h e n
a n 1  ^ C1 a n d  a n 2 ^ c 2 * and  1 - a n 1 ^ E * 'P ix  n  > ^  ; t h e n
t h e r e  e x i s t s  a  p o i n t  x^ = ( x ^ j X ^ )  s u c h  t h a t  x ^ a ^  = c .
T h e n  tp (c)  = q>(x1 a n ) = <p(x.,bn ) ,  a n d  x . ^  = ( x 11 t n1 , x 12b n 2 ) .
S i n c e  bn 2  < a n 2  , x 12h n 2  < a n2  , so  i f  x ^ b ^  < a n1 we
may r e p e a t  t h e  p r o c e d u r e .  T h e r e  e x i s t s  a  p o i n t
x 2 = ( x 2 1 , x 2 2 ) s u c h  t h a t  x ^ b n  = *2an  and
f ( c ) = f U ^ )  = f ( x 2a n^ = A g a i n ,  i f
x 21 l3n1 -  a n1 » we ma^  r e Pe a t  t h e  p r o c e d u r e ,  o b t a i n i n g  a
p o i n t  x^  s u c h  t h a t  cp(c) = cp(x^bn ) . A f t e r  a  f i n i t e
n um ber  o f  s t e p s ,  we m u s t  o b t a i n  a  p o i n t  x^  s u c h  t h a t  c p ( c ) =
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<p(xl5;'bn ) and  ^n .1 — a n 1 ' To see  sucl1 a  s i t u a t i o n
m ust  e v e n t u a l l y  o c c u r ,  we n o t e  t h a t  i n  e a c h  s t e p ,  t h e  p o i n t
x .  i s  o f  t h e  f o r m  x .  = ( x . 1 , x . ? ) w h e r e  
t) J J * J ^
c b
x = — -^----- and  s i n c e  a n1 < t >n1 , m us t  i n c r e a s e
a n 1
a s  5 i n c r e a s e s  and  e v e n t u a l l y  a t t a i n  a  v a l u e  g r e a t e r  t h a n  
o r  e q u a l  t o  a   ^ . Wow s i n c e  1 -  a n1 < e and
xk 1b n 1 — a n 1 9 we mus"t  h a v e  0 1  " ^ k l ^ n l  < e * We now
c o n s i d e r  t h e  p o i n t  c '  = ( c ^ , 1 ) .  By t h e  c o n t i n u i t y  o f  cp
and  t h e  a r g u m e n t  a b o v e ,  i t  m u s t  f o l l o w  t h a t  t h e r e  i s  a
p o i n t  d o f  t h e  fo rm  d = ( 1 , d 2 ) s u c h  t h a t  <p( c ! ) = c p ( d )  .
Bu t  qp ( c 1) = qp(c1 , 1 )  = c 1 • 1 = e T 1 , and
cp(d) = q > ( l , d 2 ) = 1 • d 2 = d 2 e T2 . Now c^ w a s  c h o s e n
a r b i t r a r i l y  s u c h  t h a t  0  < c^ < 1  , b u t  b y  t h e  d e f i n i t i o n
o f  l o c a l  i n d e p e n d e n c e ,  - t h e r e  i s  a  n e i g h b o r h o o d  V o f  1
i n  S s u c h  t h a t  . V 0 (T^ fl T^)  = 0 . T h i s  i s  c o n t r a d i c t o r y
t o  t h e  a b o v e  r e s u l t s .  Thus  we m us t  h a v e  t h a t  cp i s
o n e - t o - o n e  i n  a  n e i g h b o r h o o d  o f  1 a n d  t h e  t h e o r e m  i s
p r o v e d .
T heorem  3 . 2 . 5 .  B e t  S be a  c o m p a c t  s e m i g r o u p  w i t h  
i d e n t i t y  and  l e t  {T^ , T 2 } be a  l o c a l l y  i n d e p e n d e n t  
c o l l e c t i o n  s u c h  t h a t  T^ i s  a  m in  t h r e a d  and T2 a
t h r e a d ,  a n d  T^ and  T 2 commute e l e m e n t w i s e .  T h en  1 i s
c o n t a i n e d  i n  t h e  b o u n d a r y  o f  a  t w o - c e l l  ( I n  t h i s  c o n t e x t
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1 ' b o u n d a r y 11 i s  t a k e n  t o  mean t h e  b o u n d a r y  o f  t h e  t w o - c e l l  
w i t h  r e s p e c t  t o  a n  e m b e d d in g  i n  t h e  p l a n e ) .
P r o o f . As i n  t h e  p r o o f  o f  t h e  p r e c e e d i n g  t h e o r e m ,  we 
d e f i n e  a  f u n c t i o n  cptT^x T2 — ^ s  “  ^ 1^ 2 *
A c c o r d i n g  t o  Theorem  2 . 2 . 1 ,  cp(T1 x T 2 ) = ^ 1 ^ 2  i s  a
c y c l i c  c h a i n  w h e re  e a c h  t r u e  c y c l i c  e l e m e n t  i s  a  t w o - c e l l .  
How c p ( ( l , l ) )  = 1 c a n n o t  be  a  c u t p o i n t  o f  T ^ ^  , n o r  c a n  
i t  be  a n  e n d p o i n t  s i n c e  T^ and  T^ a r e  l o c a l l y  
i n d e p e n d e n t .  Hence 1 m u s t  be c o n t a i n e d  i n  a  t r u e  c y c l i c  
e l e m e n t  o f  c p ( T ^ x T 2 ) a n d  h e n c e  i s  c o n t a i n e d  i n  a  t w o - c e l l .  
S i n c e  t h e  b o u n d a r y  o f  T 1 x T2 i s  mapped by cp o n t o  t h e  
b o u n d a r y  o f  T 1 • T2 ( a s  a  s u b s e t  o f  t h e  p l a n e ) ,  t h e n  1
i s  c o n t a i n e d  i n  t h e  b o u n d a r y  o f  t h e  t w o - c e l l .
At t h i s  p o i n t  we make some o b s e r v a t i o n s  w h i c h  may be  o f  
i n t e r e s t .  P r o o f s  a r e  n o t  p r o v i d e d  b u t  a r e  e a s y
a p p l i c a t i o n s  o f  t h e  r e s u l t s  o f  C h a p t e r  I I .  L e t  S be a
co m pac t  s e m i g r o u p  w i t h  i d e n t i t y  and  l e t  T ^ , T 2 be  t h r e a d s  
w h i c h  h a v e  1 a s  a  common e n d p o i n t .  I f  T^ and  T2 
commute e l e m e n t w i s e  a n d  T^ and T2 a r e  m in  t h r e a d s ,  
t h e n  i t  i s  p o s s i b l e  t h a t  T 1 and  T2 h a v e  n o n v o i d  
i n t e r s e c t i o n  a r b i t r a r i l y  c l o s e  t o  1 , ( i . e . ,  f o r  a n y
n e i g h b o r h o o d  V o f  1 , V H (T^ fl T2 ) ^  0)  > an-d no-t
c o i n c i d e  i n  a n y  n e i g h b o r h o o d  o f  1 . T h i s  c a n n o t  be  t h e
c a s e  i f  e i t h e r  o f  T^ o r  T 2 i s  a  u s u a l  o r  n i l p o t e n t
t h r e a d ,  o r ,  more  g e n e r a l l y ,  i f  e i t h e r  o f  ^  o r  T 2 
l o c a l l y  i s e o m o r p h i c  t o  a  u s u a l  t h r e a d  a t  1 . T h e r e f o r e  
i f  e i t h e r  o f  o r  T2 i s  l o c a l l y  i s e o m o r p h i c  t o  a  u s u a l
t h r e a d  a t  1 and  i f  T1 and  T2 i n t e r s e c t  a r b i t r a r i l y  
c l o s e  t o  1 , t h e n  T 1 a n d  T2 m u s t  c o i n c i d e  i n  a  
n e i g h b o r h o o d  o f  1 . F u r t h e r m o r e ,  i f  e a c h  o f  T 1 a n d  T2 
i s  a  u s u a l  o r  n i l p o t e n t  t h r e a d ,  t h e n  a n d  T2 m u s t
c o i n c i d e ,  i . e . ,  T^ = T2 . I t  f o l l o w s  t h a t  i f  T 1 and  
T2 a r e  u s u a l  o r  n i l p o t e n t  t h r e a d s  a n d  T^ /  T2 , t h e n  T^ 
an d  T2 a r e  l o c a l l y  i n d e p e n d e n t .  The h y p o t h e s i s  o f  l o c a l  
i n d e p e n d e n c e  i n  T h eo re m  3 . 2 . 2 .  c o u l d  t h e n  be  r e p l a c e d  by 
m e r e l y  r e q u i r i n g  t h a t  T^ /  T2 . The f o l l o w i n g  t h e o r e m
may be  c o n s i d e r e d  t o  be a  g e n e r a l i z a t i o n  o f  T heorem  3 . 2 . 2 :
T heorem  3 . 2 . 4 .  L e t  S be  a  c o m p a c t  c o m m u t a t i v e  s e m i g r o u p  
w i t h  i d e n t i t y  a n d  s u p p o s e  o f o^ a r e  two d i s t i n c t  l o c a l
o n e - p a r a m e t e r  s e m i g r o u p s  i n  S ( i  . e  . ,  csj ( [ 0  ,a^  )
s u c h  t h a t  a i ( [ ° » a i ] )  n = {1 },  ( i  = 1 , 2 ) .  T hen  t h e r e
i s  a  l o c a l  t w o - p a r a m e t e r  s e m i g r o u p  °  i n  S .
P r o o f . By T h eo rem  3 . 1 . 3 ,  0 j_ ( i  = 1 , 2 )  may be  e x t e n d e d  t o
| |
a  hom omorphism  c ^ : [ o , ° ° )  — > S . L e t  L^ = { < ^ ( [ 0 »°° ) ) }
a nd  l e t  d e n o t e  t h e  k e r n e l  o f  L^ . T h en
° i ( [ 0 , » ) )  = Lj_ \  K± , [ 19 ] ,  a n d  SK± fl (Li  \  K± ) = J2f . F o r
s u p p o s e  x i  = s ^ t ^  e Li  \  w h e re  s^  e S a n d
t f  e Kf , a n d  l e t  e^  d e n o t e  t h e  i d e n t i t y  o f  . T hen
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b u t • e a nd  h e n c e  x^ e w h i c h  i s  a
c o n t r a d i c t i o n .  A l s o ,  t h e  s e t s  SK1 fl 1 2 a n d  SK2 H L^ do 
n o t  c o n t a i n  1 s i n c e  SK^ S ^  SK2 . L e t  I  = SK^ U SK^ . 
T h e n  I  i s  a  c l o s e d  i d e a l  o f  S . L e t  a  d e n o t e  t h e  n a t u r a l
Cj
map f r o m  S o n t o  t h e  R e e s  q u o t i e n t  / I  o f  S m odulo  I  .
T h e n  a  i s  o n e - t o - o n e  on  S \  I ,  <*(1.^) , ( i  = 1 , 2 ) ,  i s
se i t h e r  a  u s u a l  o r  n i l p o t e n t  t h r e a d  i n  / I  , a nd
Q
a ( L ^ )  ^  a ( L 2 ) .  We now a p p l y  T heorem  3 . 2 . 2  t o  / I  t o
CJ
o b t a i n  a  l o c a l  t w o - p a r a m e t e r  s e m i g r o u p  i n  / I  . T h e n  i f
V i s  a  n e i g h b o r h o o d  o f  1 i n  S s u c h  t h a t
V  fl I  = 0  , a l y  i s  a n  i s e o m o r p h i s m .  L e t  o ’ d e n o t e  t h e
l o c a l  t w o - p a r a m e t e r  s e m i g r o u p  i n  ^ / I  and  l e t  a ' ' =  a | ^  . 
T h e n  ( a 1-) < o 0* i s  a  l o c a l  two p a r a m e t e r  s e m i g r o u p  i n
S .
We now o f f e r  a  c o n j e c t u r e  w h i c h  i s  a n  e x t e n s i o n  o f  
p r e c e e d i n g  r e s u l t s :  i f  S i s  a  c o m p a c t  s e m i g r o u p  w i t h
i d e n t i t y ,  { T^ , T2 , T j }  i s  a  l o c a l l y  i n d e p e n d e n t  c o l l e c t i o n  
o f  t h r e a d s  w h i c h  commute e l e m e n t w i s e ,  t h e n  1 i s  c o n t a i n e d  
i n  t h e  b o u n d a r y  o f  a  t h r e e - c e l l .  F u r t h e r m o r e ,  i f  e a c h  o f  
T ^ j T g j T ^  i s  e i t h e r  a  u s u a l  o r  n i l p o t e n t  t h r e a d ,  t h e n  t h e r e  
i s  a  l o c a l  t h r e e - p a r a m e t e r  s e m i g r o u p  i n  S .
T h i s  c o n j e c t u r e  i s  f a l s e  i f  t h e  n um b er  o f  t h r e a d s  e x c e e d s  
t h r e e .  F o r  e x a m p l e ,  i f  S i s  t h e  3 - f o l d  p r o d u c t  o f  u s u a l
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i n t e r v a l s ,  t h e r e  may be  a s  many a s  s i x  t h r e a d s  w h i c h  fo r m  
a  l o c a l l y  i n d e p e n d e n t  c o l l e c t i o n .  I n  t h i s  s i t u a t i o n ,  
h o w e v e r ,  t h e  c o n c e p t  o f  i n d e p e n d e n t  t h r e a d s  i s  u s e f u l .  I n  
t h i s  r e g a r d ,  we p r o v e
T heorem  5 . 2 . 5 .  L e t  S be  a  c o m p a c t  s e m i g r o u p  w i t h  
i d e n t i t y  a n d  l e t  {T. j , T2 , . . . , Tm} be  a n  i n d e p e n d e n t  
c o l l e c t i o n  o f  t h r e a d s  w h i c h  commute e l e m e n t w i s e  a n d  s u p p o s e  
T^ i s  e i t h e r  a  u s u a l  o r  n i l p o t e n t  t h r e a d  f o r  
i  = 1 , 2 ,  . . . ,m . T h e n  S c o n t a i n s  a  l o c a l  m - p a r a m e t e r  
s e m i g r o u p .
P r o o f . A g a i n  t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  a s s u m i n g  
t h a t  T^ i s  a  u s u a l  t h r e a d  f o r  i  = 1 , 2 ,  . . . , m  . D e f i n e
cp:T^x T2 X . . .  X Tm > S by * 5 P ( t ^ , t 2 , . . . , t ^ )  — t   ^ t 2 • • • t m ;
t h e n  cp i s  a  homomorphism o n t o  1 ^ 2 . . . Tm . We w i l l
show t h a t  cp i s  o n e - t o - o n e  i n  a  n e i g h b o r h o o d  o f
(1 ,1 , . . . , 1 ) , t h u s  p r o v i n g  t h e  t h e o r e m ;
S u p p o se  t h e r e  e x i s t s  s e q u e n c e s  {&n } » w h e re
a n  = ^a n 1 »a n 2 »* * ‘ »a n m^ » bn  = ^bn 1 »bn 2 » ‘ * * >bn m^ » a n i  1 *
bn± — > 1 , ( i  = 1 , 2 , . . .  , m ) , and  <p(an ) = cp(bn ) . I f
b ^  e San  f o r  a r b i t r a r i l y  l a r g e  v a l u e s  o f  n  , T h e n
b ^  = xn a n  f o r  some xn  e S . By T h eo rem  1 , 2 . 5 ,
<P(an ) = cp(an D(xn ) )  (w h e re  D (x n ) = DL ( x n ) = DR (x n ) ) • I *t
i s  e a s y  t o  s e e  t h a t  D(x  ) i s  a  c o n n e c t e d  s u b s e m i g r o u p
( a n d ,  i n  f a c t ,  i s  a  p r o d u c t  k - c e l l  f o r  some k < m)
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c o n t a i n i n g  ( 1 , 1 , . . . , 1 ) and  a t  l e a s t  one  i d e m p o t e n t  o f  t h e
f o r m  ( 6 ^ , 5 2 > • • • >6m) w here  e a c h  i s  1 w i t h  t h e
e x c e p t i o n  o f  o n e ,  s a y  an<l  ^ a = z a
J J J
w h e r e  z .  d e n o t e s  t h e  z e r o  o f  1 .  . S i n c e  t h e r e  a r e  o n l y
O tl
a  f i n i t e  num ber  o f  i d e m p o t e n t s  i n  * T2 X • • *Tm > t h e r e  
a r e  o n l y  a  f i n i t e  num ber  o f  p o s s i b i l i t i e s  f o r  D(xn ) .
H e n ce ,  we may a s su m e  t h a t  D (x n) = D (x k ) f o r  a l l  v a l u e s  
o f  n  a n d  k f o r  w h ic h  b n  e Sa^  and '  b^  e Sa^  .. I t  
t h e n  f o l l o w s  f ro m  t h e  c o n t i n u i t y  o f  cp t h a t
«P[(1 , 1 , . . . , 1 ) ]  = «P C (61 »6 2 * • * * »6m) ] = 6 16 2 “ *6 n  = z j  *
B u t  t h i s  i m p l i e s  t h a t  1 = z .  i n  S w h ic h  i s  a
J
c o n t r a d i c t i o n .
We assum e  now t h a t  a n  jzf Sbn  and b n  ^  San  f o r  a l l  n  . 
Then  f o r  e a c h  n  , t h e r e  e x i s t s  i n t e g e r s  i , j  ( 1 <  i , j  < m) 
s u c h  t h a t  a n i  < b n ^ and a n  ^ > b n  ^. B or  e a c h  n  , a
c e r t a i n  s e t  o f  i n e q u a l i t y  r e l a t i o n s  h o l d s  b e t w e e n  t h e
n u m b ers  a n i  and  b n i  ( i  = 1 , 2 , . . . , m ) .  T h e r e  a r e  o n l y  
a  f i n i t e  num ber  o f  su c h  s e t s  o f  r e l a t i o n s ,  a n d  so a t  l e a s t  
one  s e t  m u s t  o c c u r  f o r  a r b i t r a r i l y  l a r g e  v a l u e s  o f  n  . 
T h e re  i s  no l o s s  o f  g e n e r a l i t y  t h e n  i n  a s s u m i n g  t h a t  one  
s u c h  s e t  ( s u b j e c t  t o  t h e  r e s t r i c t i o n  a t  t h e  b e g i n n i n g  o f
t h i s  p a r a g r a p h )  h o l d s  f o r  a l l  v a l u e s  o f  n  . L e t  u s
assume t h e n  t h a t  f o r  e a c h  n  , t h e  f o l l o w i n g  r e l a t i o n s  
h o l d :
go
a n 1 < b n 1  an j  < bn j  ’ (1 < * < m) ’
a n ( ; j + l )  = b n ( j + 1 ) » ’ • *a n k  = bnk  ’ ( j  < k  < m ) ,
an d  an ( k + 1 ) > bn ( k + l )»* * * ' a nm > bnm *
i
L e t  e be a  p o s i t i v e  num ber  s u c h  t h a t  0 < e < ^
T h e n  t h e r e  e x i s t s  a  p o s i t i v e  nu m b er  N s u c h  t h a t ,  i f
n  _> N , t h e n  1 -  a n i  < e f o r  i  = 1 , . .  . ,m . F i x  n  _> N .
T h e n  s i n c e  an i  < 1  (1 < i  < j ) ,  t h e r e  i s  a  p o s i t i v e
b n i  I \ r
i n t e g e r  r n  s u c h  t h a t  / n i \ n  < e . L e t  r n  d e n o t e  t h e
a  rl e a s t  s u c h  p o s i t i v e  i n t e g e r  a n d  l e t  t ^  = / h i \  n  f o r
1 < i  < 3 . V * )
We now c h o o s e  a  p o i n t  p = ( p 1 , p 2 , . . . , Pm) a a  f o l l o w s :
( a )  f o r  1 < i  < j , l e t  p^  = 't i i a n i  5 t h e n  0  < p^ < e ,
(b )  f o r  j  < i  < m , l e t  p^  be  c h o s e n  so t h a t
0 < 1 -  p i  < e , a n d  p ± < a n± ,
F o r  j < i  < m , t h e r e  e x i s t s  a  nu m b er  t ^  s u c h  t h a t
0 1 1 ^ < 1  and  t ^ ~  P-  ^ • L e t  t 2 = ( t ^ , t ^ 2 »***»"^im)*
T h e n  t ^ a n  = p .
T h e n  cP ( ‘t i a n ) = and  s i n c e  t ^  _< a n i  f o r
■^1
1 < i  < j , i t  f o l l o w s  t h a t  i .  a n i  f ° r  1 < i  < j •
A l s o ,  f o r  j  < i  < m , we h a v e  bn ^ < a n ^ a n d  so
b 1 i bn i  — a n i  ' H e n c e ,  t h e r e  e x i s t s  a  p o i n t
6i
1 2 = ( ^ 2 1 ’ ^ 2 2 ’ * * * s u c h  ’blia’t = ’t 2 a n  * W r i t i n g
t h i s  e q u a l i t y  i n  t e r m s  o f  c o o r d i n a t e s ,  we h a v e
ln i
t 2 i  = t 1 i  I — | ^  =
I f  r n  _> 2 , t h e n  f o r  1 _< i  £  j  ,
2
‘ a V  = %  V  1  ^  -  a n i  - s i n o e
\ n i I  n i
b i bn i  ^  a n i  • A l s o  ^ i ^ n i  i  a n i  f o r
j  < i  < m s i n c e  h ^ < a
We now h a v e  cp(p) = ep(t , | a n ) = cP ( ' t 1 'bn ) = V ( t 2a n ) = * ( t 2 bn ) ,
a n d  i ^ n  e ^a n  * T h e r e f o r e ,  t h e r e  i s  a  p o i n t
■t = ( t ^ , . . . , t j m) s u c h  t h a t  t 2h n  = t ^ a ^  , a n d  i n  t e r m s  o f
c o o r d i n a t e s ,  we h a v e
v  - % .
I f  r n  >_ 3 , we a g a i n  h a v e  t h a t  e San
a n d  we r e p e a t  t h e  p r o c e d u r e .
P r o c e e d i n g  i n  t h i s  m a n n e r ,  we o b t a i n  p o i n t s  t ^ , t 2 , . . . , t  
s u c h  t h a t
f ( p )  = = f ( t 2 t n ) = b n ) = f ( q )
w h e r e  q. = = ( t ^ t ^ ............ . F o r
1 < i  < j , we h a v e
r n
and  by  t h e  c h o i c e  o f  n  , 0 < 1 - a  . < e
S u m m a r iz in g  t h e  a b o v e  r e s u l t s ,  we h a v e  shown t h a t  f o r  
e > 0 , t h e r e  i s  a  p o i n t  p = ( p 1 , . . . , P m) s u c h  t h a t
0 < p^ < e f o r  1 <, i  _< j a n d  0 < 1-Pj_ < e f o r
j < i  < m , a n d  a  p o i n t  q = ( q 1 , . . . , q ^  s u c h  t h a t
0 < l - q ± < e f o r  1 < i  < j  , I t  t h e n  f o l l o w s  f r o m
t h e  c o n t i n u i t y  o f  cp t h a t
c p ( z ^ , . . . , Z j ,  1 , 1 , =  c p ( l , 1 , . . . , 1 , q l _ ^ , . . . , w h e r e  
0 _< q .  . < 1 ( i  = 1 , . . . , m - j ) .  By t h e  d e f i n i t i o n  o f  cp,J • -i.
t h i s  m eans  t h a t  + • • •  ^  w h i c h  i s
c o n t r a d i c t o r y  t o  t h e  d e f i n i t i o n  o f  a n  i n d e p e n d e n t  
c o l l e c t i o n  o f  t h r e a d s .  T h i s  c o n c l u d e s  t h e  p r o o f .
We r e m a r k  t h a t  T heorem  3 . 2 . 3 ,  i n  a  m o d i f i e d  f o r m ,  w as  
b r o u g h t  t o  t h e  a u t h o r ' s  a t t e n t i o n  by  D. R.  Brown,  a nd  t h a t  
t h i s  t h e o r e m  w a s  t h e  s t a r t i n g  p o i n t  f o r  t h e  o t h e r  t h e o r e m s  
a p p e a r i n g  i n  t h i s  c h a r  e r .
CHAPTER IV
I n  t h i s  c h a p t e r  t h e  r e s u l t s  o f  t h e  p r e c e e d i n g  c h a p t e r s  
a r e  a p p l i e d  t o  o b t a i n  r e s u l t s  r e g a r d i n g  hom om orph ism s o f  
and  t h e  s t r u c t u r e  o f  u n i q u e l y  d i v i s i b l e  s e m i g r o u p s .
4 . 1  PRELIMINARIES
D e f i n i t i o n  4 . 1 . 1 .  A s e m i g r o u p  S i s  d i v i s i b l e  i f  f o r  e a c h  
x e S and  e a c h  p o s i t i v e  i n t e g e r  n  , t h e r e  e x i s t s  y  e S 
s u c h  t h a t  y 11 = x  . I f  t h e  e l e m e n t  y  i s  u n i q u e  f o r  e a c h  
x £ S and  e a c h  p o s i t i v e  i n t e g e r  n  , t h e n  S i s  s a i d  
t o  be  u n i q u e l y  d i v i s i b l e .
The a l g e b r a i c  s t r u c t u r e  o f  u n i q u e l y  d i v i s i b l e  s e m i g r o u p s  
h a s  b e e n  d e t e r m i n e d  by  Brown a n d  La T o r r e  i n  [ 4 ] .  H i l d e b r a n t  
i n  [ 1 2 ] d i s c u s s e d  u n i q u e l y  d i v i s i b l e  t o p o l o g i c a l  s e m i g r o u p s  
on  t h e  t w o - c e l l .  L i t t l e  i s  known o f  t h e  g l o b a l  s t r u c t u r e  
o f  u n i q u e l y  d i v i s i b l e  t o p o l o g i c a l  s e m i g r o u p s .
L e t  S be a  c o m p a c t  u n i q u e l y  d i v i s i b l e  s e m i g r o u p .  F o r  -
x e S and n  a  p o s i t i v e  i n t e g e r ,  t h e  e l e m e n t  y  £ S
n  1/ ns u c h  t h a t  y  = x w i l l  be d e n o t e d  by  y = x  . I f
r  = m/ n  w h e r e  m a n d  n  a r e  p o s i t i v e  i n t e g e r s ,  we d e f i n e
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1 /
x r  = ( x  ' n ) . I t  i s  e a s y  t o  s e e  t h a t  x r  i s  u n i q u e  f o r
e a c h  r a t i o n a l  num ber  r  . I t  c a n  a l s o  be shown t h a t
r 1 r 2 r 1 + r 2 x x  = x f o r  r 1 and r 2 p o s i t i v e  r a t i o n a l
n u m b e r s .  F o r  x  e S , we f o l l o w  t h e  n o t a t i o n  o f  [ 1 2 ]  and
d e f i n e
[ x ]  = {xr  | r  i s  a  p o s i t i v e  r a t i o n a l  n u m b er} *  .
The f o l l o w i n g  t h e o r e m  i s  b a s i c  i n  t h e  s u b s e q u e n t  w o r k .  I t  
c a n  be  e s t a b l i s h e d  by t h e  m e th o d s  o f  L e s t e r  i n  [ 1 6 ]  and 
may a l s o  be  f o u n d  i n  [ 1 2 ] ,
T heorem  4 . 1 . 2 .  L e t  S be  a  c o m p a c t  u n i q u e l y  d i v i s i b l e  
s e m i g r o u p  (UDS) su c h  t h a t  e a c h  s u b g r o u p  o f  S i s  t o t a l l y  
d i s c o n n e c t e d .  Then f o r  e a c h  x e S \  E ( S ) ,  [ x ]  i s  
i s e o m o r p h i c .  t o  a  u s u a l  t h r e a d .
4 . 2  n-CELLS I E  UNIQUELY DIVISIBLE SEMIGROUPS
Among t h e  c o m m u ta t iv e  u n i q u e l y  d i v i s i b l e  s e m i g r o u p s  a r e  
t h e  p r o d u c t s  o f  u s u a l  t h r e a d s ,  m i n  t h r e a d s ,  o r  a ny  
c o m b i n a t i o n  o f  u s u a l  a n d  m in  t h r e a d s .  A n i l p o t e n t  t h r e a d  
i s  d i v i s i b l e  b u t  n o t  u n i q u e l y  d i v i s i b l e  s i n c e  n ^*1 r o o t s  
o f  z e r o  a r e  n o t  u n i q u e .  The a b o v e  e x a m p l e s  a r e  b a s i c  
s i n c e  e v e r y  c o m p ac t  c o m m u t a t i v e  UDS w i t h  t o t a l l y  
d i s c o n n e c t e d  s u b g r o u p s  s u c h  t h a t  E (S)  ^  S c o n t a i n s  
hom om orph ic  i m a g e s  o f  t h e  p r o d u c t  o f  u s u a l  t h r e a d s .  T h i s
i
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s t a t e m e n t  i s  o b v i o u s  s i n c e  e v e r y  x  e S \  E( S)  i s  
c o n t a i n e d  i n  a  u s u a l  t h r e a d ,  n a m e l y  [ x ] ,  b u t  t h e  c o n s t r u c t i o n  
t o  be  g i v e n  b e lo w  w i l l  y i e l d ,  i n  many c a s e s ,  hom om orph ic  
i m a g e s  o f  d i m e n s i o n  g r e a t e r  t h a n  o n e .  We f i r s t  p r o v e  two 
l e m m a s .
lemma 4 . 2 . 1 .  l e t  S d e n o t e  t h e  n - f o l d  p r o d u c t  o f  u s u a l  
i n t e r v a l s  a n d  l e t  f  be  a  homomorphism  o f  S o n t o  a  
UDS T . I f  f  i s  n o t  o n e - t o - o n e , t h e n
| E ( T ) | < | E ( S ) | , w h e re  | a | d e n o t e s  t h e  c a r d i n a l i t y  o f  t h e  
s e t  A .
P r o o f .  I t  i s  c l e a r  t h a t  | E ( T ) l <_ | E ( S ) | . S u p p o se  f  i s  
n o t  o n e - t o - o n e  a nd  l e t  a , b  e S ,  a  /  t ,  s u c h  t h a t  
f ( a )  = f ( b ) . S i n c e  f  i s  a  hom om orp h ism ,
[ f ( a 1//rL) ] n  = f [ ( a  //*1) n ] = f ( a )  , a n d  s i m i l a r l y ,  f ( b
i s  a n  n ^*1 r o o t  o f  f  ( b )  . S i n c e  f  ( a )  = f  ( b )  a n d  T i s
u n i q u e l y  d i v i s i b l e ,  i t  f o l l o w s  t h a t  f ( a  ^ rL) = f ( b 1/ n ) f o r
e a c h  p o s i t i v e  i n t e g e r  n  . l e t  e a >e -b e E ( S)  s u c h  t h a t
1 /  /  
a  ' n  — > e a  a n d  b — ^ e b ' T]aen 'fciie c o n t i n u i t y
o f  f  , f ( e a ) = f ) . I f  e & /  e^  , t h e  t h e o r e m  i s
p r o v e d .  S u p p o se  t h e n  t h a t  e & = e^  = e . T h e n  Se i s
a  p r o d u c t  m - c e l l  f o r  some p o s i t i v e  i n t e g e r  m s u c h  t h a t
0 < m < n  , a n d  f l  ge i s  n o t  o n e - t o - o n e  i n  a n y
n e i g h b o r h o o d  o f  e , t h e  i d e n t i t y  o f  Se . A f t e r  a n
a p p r o p r i a t e  r e - i n d e x i n g ,  Se i s  o f  t h e  f o r m
Se =i s 1 * {O} x . . .  x {0 } w h e r e  1 ^ -  u s u a l  t h r e a d , i  = 1, .  . . ,m .
F o r  t h e  r e m a i n d e r  o f  t h e  p r o o f  we w i l l  c o n s i d e r  f | Sg a n d  
s u p p r e s s  t h e  l a s t  n -m  c o o r d i n a t e s .  S i n c e  f  i s  n o t  
o n e - t o - o n e  i n  a ny  n e i g h b o r h o o d  o f  t h e  i d e n t i t y  o f  Se , t h e  
p r o o f  o f  T heorem  3 . 2 . 5 .  shows t h a t  t h e r e  e x i s t s  p o i n t s  
h 1 = ( 0 , . . . , 0 , 1  , . .  . 1 ) and q = (1 , . . . ,1 ,<Lj+1 , • • ■ , % )  s u c h  
t h a t  f ( h ^ )  = f ( q )  ( a g a i n ,  r e - i n d e x i n g  may be  n e c e s s a r y ) .  
T h en  f ( h ^ )  = f t h ^ )  = f ( q n ) f o r  e a c h  p o s i t i v e  i n t e g e r  n  . 
L e t  q11 — > h ^  £ E ( S e )  ; t h e n  f ( h ^ )  = f ( h ^ )  a n d  h 1 ^  h^  
s i n c e  t h e  f i r s t  j  c o o r d i n a t e s  d i f f e r .  T h i s  c o n c l u d e s  
t h e  p r o o f  o f  t h e  lem m a.
Lemma 4 . 2 . 2 .  A u n i q u e l y  d i v i s i b l e  im age  o f  I x l
( I = u s u a l  i n t e r v a l )  u n d e r  a  hom omorphism  i s  i s e o m o r p h i c  t o  
e i t h e r  a  u s u a l  t h r e a d  o r  t h e  R e e s  q u o t i e n t  o f  I x l  m odulo  
one  o f  t h e  i d e a l s  I x l  , l x { 0 }, { 0 } x  I  ,
( I x  {0 }) U ( { 0 } x I )  , o r  {0 } .
P r o o f . L e t  f : I x  I  — > T be a  homomorphism o n t o  a  UDS T .
I f  f  i s  o n e - t o - o n e ,  T i s  i s e o m o r p h i c  t o  I x l  . I f  n o t ,
1/ n  1 / n
s u p p o s e  f ( a )  = f ( b )  , a  /  b . I f  a  — > 1 , b — > 1 ,
t h e n  f  i s  n o t  o n e - t o - o n e  i n  a  n e i g h b o r h o o d  o f  1 and  t h e
p r o o f  o f  T heorem  3 . 2 . 2 .  g i v e s  t h a t  T i s  e i t h e r  a n  a r c
1 / no r  a  p o i n t .  I f  a  = 0 and  b — > 1 , t h e n  T i s
t r i v i a l .  I f  a — > ( 1 , 0 )  a nd  b '—> ( 0 , 1 ) ,  t h e n
f [ 0 , 0 ) ( 1 , 0 ) ]  = f [ d  , 0 ) ( 0 , 1 ) ]  = f ( 0 ) a n d  h e n c e  f  i s
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c o n s t a n t  o n  t h e  i d e a l  ( I x  {Q}) U ( { 0 } x l ) .  I f
a 1/ n  — > ( 0 , 1 ) o r  a  = 0 , a n d  b 1/ n  — > ( 0 , 1 ) , t h e n
f  T ( 0 , 1 ) ] = f ( 0 )  a n d  f  i s  c o n s t a n t  o n  { 0 } x  I  . S i m i l a r l y ,  
f  i s  c o n s t a n t  on  I  x, {0} i f  ( 0 , 1 )  he r e p l a c e d  hy  (1 , 0 )  
i n  t h e  l a s t  s e n t e n c e .  T h i s  e x h a u s t s  a l l  p o s s i b i l i t i e s  
a n d  t h u s  p r o v e s  t h e  lemma.
I f  S i s  a  c o m p a c t  c o m m u t a t iv e  UDS w i t h  t o t a l l y
d i s c o n n e c t e d  s u b g r o u p s  a nd  i f  a^ , a ^ , , . . , an  e S \  E ( S ) ,
t h e n  we may a s s o c i a t e  w i t h  a 1 , . . . , a n  a  s e t  D ( a ^ , . . . , a  )
w h i c h  i s  a  ho m om orph ic  im ag e  o f  t h e  n - f o l d  p r o d u c t  o f  u s u a l
t h r e a d s .  T h i s  s e t  i s  j u s t  t h e  p o i n t w i s e  p r o d u c t  o f  t h e
s e t s  [ a ^ ] ,  i  = 1 , 2 , . . . , n  , w h i c h  i s  a  h om om orph ic  im age
o f  [ a 1 ] x . . .  x [ a n ] . The s e t  D ( a 1 , . . . , a n ) may a l s o  be
r e a l i z e d  a s  t h e  p o i n t w i s e  p r o d u c t  o f  t h r e a d s  i n  S a l l
h a v i n g  a  common i d e n t i t y .  T h i s  w o u ld  t h e n  a l l o w
a p p l i c a t i o n  o f  t h e  r e s u l t s  o f  C h a p t e r  I I I  i n  t h e  c a s e  t h a t
t h e  t h r e a d s  w e r e  i n d e p e n d e n t  o r  l o c a l l y  i n d e p e n d e n t , L e t
u^  d e n o t e  t h e  i d e n t i t y  o f  [ a ^ ] ,  a n d  l e t
b.  = u .  . . .  u . . a .  u .  . . . .  u  . T h en  f o r  e a c h  p o s i t i v ei  i l —i l  1+1 n
-p -p
r a t i o n a l  nu m ber  r  , ( b^ )  “  u -j • •* u i _ i a i  Ui +1 * * * u n  an<  ^
so t h e  i d e n t i t y  o f  [ b ^ ]  i s  u ^ ^ . - . u ^  f o r  e a c h  i  . I t  
i s  n o t  d i f f i c u l t  t o  s e e  t h a t
[a^ ] *[ a2 ] - • • [ a n ] = [ b 1 ] • [ b 2 ] - - - [ b n ] .
I t  s h o u l d  be p o i n t e d  o u t  t h a t  b^  may be a n  i d e m p o t e n t  f o r  
some v a l u e s  o f  i  a n d  t h e n  [ b ^ ]  r e d u c e s  t o  a  s i n g l e
d8
p o i n t ,  { t ^ } .  I f  we d e f i n e  a 1 , . .  . ,  a  t o  be  i n d e p e n d e n t  
i f  D ( a ^ , . . . ,  a n ) i s  n - d i m e n s i o n a l  ( i . e . ,  t h e  
hom omorphism  c p ( [ a ^ ] x  . . .  x [ a n l )  — > s  i s  no_b d i m e n s i o n  
l o w e r i n g ) , t h e n  i t  seem s t o  be  a  r e a s o n a b l e  c o n j e c t u r e  t h a t  
e v e r y  c o m p a c t  c o m m u t a t i v e  n - d i m e n s i o n a l  ULS w i t h  t o t a l l y  
d i s c o n n e c t e d  s u b g r o u p s  s u c h  t h a t  E ( S )  i s  f i n i t e  c o n t a i n s  
n  i n d e p e n d e n t  e l e m e n t s .  L e t  b^  d e n o t e  t h e  e l e m e n t
0 0Q
u-j . .  . u i _ 1 a i u i+ 1  . .  . u n  , and  t h e  sy m b o l s  b i , b.^ d e n o t e
u^  a nd  z ^ r e s p e c t i v e l y ,  t h e n  we s t a t e  a s  a n o t h e r
c o n j e c t u r e  a  n e c e s s a r y  a nd  s u f f i c i e n t  c o n d i t i o n  t h a t
a ^ , . . . , a n  be  i n d e p e n d e n t .  The e l e m e n t s  a ^ , . . . , a n  a r e
i n d e p e n d e n t  i f  a n d  o n l y  i f  b^  ^ E ( S )  f o r  i  = 1 , . . . , n  ,
t 1 t  s .  s
and  f o r  0 < t ^ , s ^  < 00 , b^ . . . b n n  ^  b^ . . .  bn n
The p r e c e e d i n g  r e m a r k s  g i v e  l i t t l e  i n f o r m a t i o n  r e g a r d i n g  
t h e  s t r u c t u r e  o f  u n i q u e l y  d i v i s i b l e  s e m i g r o u p s  and  a r e  
p r e s e n t e d  h e r e  p r i m a r i l y  a s  p o s s i b l e  s t a r t i n g  p o i n t s  f o r  
f u r t h e r  i n v e s t i g a t i o n .  W i t h  more  r e s t r i c t i o n s  on  S , more  
s p e c i f i c  c o n c l u s i o n s  may be  o b t a i n e d .  The n e x t  two t h e o r e m s  
w i l l  be  o f  t h i s  n a t u r e .
T heorem  4 . 2 . 3 .  L e t  S be a  c o m m u t a t iv e  IJDS o n  a  
t w o - c e l l  w i t h  i d e n t i t y  a n d  z e r o  o n  B d ( S ) .  S u p po se  
f u r t h e r m o r e  t h a t  t h e  b o u n d a r y  a r c s  d e t e r m i n e d  by  0 and  
1 a r e  t h r e a d s  a n d  t h a t  E ( S )  i s  f i n i t e .  Then
S = U{Di;j  | i  = 1 , . . .  , n  ; j  = 1 , . . . ,  m}
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s u c h  - th a t  e a c h  IL • i s  a  u n i q u e l y  d i v i s i b l e  h o m o m o rp h ic
J
im a g e  o f  t h e  t w o - f o l d  p r o d u c t  o f  u s u a l  i n t e r v a l s .  F o r
1 < i , k  < n  ; 1 < < rn ,Di ; j  = Dfflln ( i  , k )  , in in (  j , ?T) '
P r o o f .  We f i r s t  p o i n t  o u t  t h a t  s i n c e  S i s  c o m p a c t  a n d  
c o m m u t a t i v e ,  S h a s  a  k e r n e l  K w h i c h  i s  a  g r o u p .  I t  i s  
e a s y  t o  show t h a t  K i s  u n i q u e l y  d i v i s i b l e .  The o n l y  
c o m p a c t  u n i q u e l y  d i v i s i b l e  g r o u p  w h i c h  i s  e m b e d d a b le  i n  t h e  
p l a n e  i s  a  p o i n t ,  a n d  h e n c e  S m u s t  h a v e  a  z e r o .  L e t  
T^ and  T2 d e n o t e  t h e  b o u n d a r y  a r c s  d e t e r m i n e d  by 0  and 
1 . H i l d e b r a n t  showed i n  [ 1 2 ]  t h a t  S = T^ 2  and  h e n c e  
S i s  t h e  hom om orph ic  im ag e  o f  t h e  c a r t e s i a n  p r o d u c t  o f  
t h e  t h r e a d s  a n d  T2 u n d e r  t h e  map ^ [ ( t ^ t g ) ]  = t ^ t 2 .
S i n c e  S i s  u n i q u e l y  d i v i s i b l e  a n d  h a s  o n l y  a  f i n i t e  
n u m b er  o f  i d e m p o t e n t s ,  e a c h  o f  T^ a n d  m u s t  be a
f i n i t e  u n i o n  o f  u s u a l  t h r e a d s .  L e t  T^ = and
Tp = .U J .  . L e t  D. . = cp[I .  x  J - : ] .  I t  i s  t r i v i a l  t o  show
^ D J-J d
t h a t  t h e  hom om orph ic  im age  o f  a  d i v i s i b l e  s e m ig r o u p  i s  
d i v i s i b l e  an d  t h a t  a  d i v i s i b l e  s u b s e m i g r o u p  o f  a  u n i q u e l y  
d i v i s i b l e  s e m i g r o u p  i s  u n i q u e l y  d i v i s i b l e .  H e n c e ,  e a c h  
e a c h  i s  u n i q u e l y  d i v i s i b l e  a n d  t h e r e f o r e  i s  o f  o n e
o f  t h e  f o r m s  d e s c r i b e d  i n  Lemma 4 . 2 . 2 .  I f  we assum e t h a t  
t h e  t h r e a d s  I j >J - i  a r e  o r d e r e d  a c c o r d i n g  t o  t h e  n a t u r a l  
o r d e r  o n  r e s p e c t i v e l y ,  t h e n  I j_Ik  = I m i n ( i > k ) .»
and  J j  J-j/ •= jj/y • I h e l a s t  a s s e r t i o n  o f  t h e  t h e o r e m
i s  t h e n  c l e a r .
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One c a n  s a y  more a b o u t  t h e  s t r u c t u r e  o f  S i n  t h e  
p r e c e e d i n g  t h e o r e m .  U s i n g  t h e  n o t a t i o n  a b o v e  we s t a t e  t h e  
f o l l o w i n g  f a c t s  w h i c h  a r e  i m m e d i a t e  c o n s e q u e n c e s  o f  Lemma 
4 . 2 . 2 .
(1 ) I f  cp i s  c o n s t a n t  on  I ^  {0^ } ,  t h e n  i s  e i t h e r
a  u s u a l  t h r e a d  o r  a  p o i n t  f o r  a l l  k  < j .
( 2 )  I f  cp i s  c o n s t a n t  on  {0. } ^ , t h e n  D. . i s  e i t h e r
a  u s u a l  t h r e a d  o r  a  p o i n t  f o r  a l l  k  < i  .
( 3 )  I f  I K j  i s  a  p o i n t ,  t h e n  i s  e i t h e r  a  u s u a l
t h r e a d  o r  a  p o i n t  f o r  a l l  k  < i  a n d  % < j  , and  cp i s  
c o n s t a n t  o n  {0 i + 1 } x J-j and  on  I i x  {0 ^+ 1 } .
( 4 )  I f  D. . and D ■, -  a r e  p o i n t s ,  t h e n  so a r el j  l + l , j +1
D±+1>J  an d  Di>;) + 1 .
D e f i n i t i o n  4 . 2 . 4 .  L e t  S be a  s e m ig r o u p  w i t h  i d e n t i t y .
An - e l e m e n t  e e E( S)  i s  s a i d  t o  be n o t  i s o l a t e d  f r o m  a b o v e  
i f  t h e r e  e x i s t s  x  s  S \  {e , 1 } s u c h  t h a t  xe  = e x  = e .
D e f i n i t i o n  4 . 2 . 5 .  L e t  S be a  s e m i g r o u p .  An e l e m e n t
e e E( S)  i s  s a i d  t o  be  m ax im a l  i n  E( S)  i f  e f  = f e  = e
f o r  f  e E ( S )  i m p l i e s  t h a t  e = f  .
T heorem  4 . 2 . 6 .  L e t  S be  a  c o m p a c t  c o m m u ta t iv e  UDS 
w i t h  e a c h  s u b g r o u p  t o t a l l y  d i s c o n n e c t e d .  S u p p o se  t h a t  
E ( S )  i s  i s o m o r p h i c  t o  E ( I n ) ( w h e r e  I n  d e n o t e s  t h e
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n - f o l d  p r o d u c t  o f  u s u a l  t h r e a d s )  a n d  t h a t  e a c h  m a x im a l  
i d e m p o t e n t  i n  E( S)  \  {1 } i s  n o t  i s o l a t e d  f r o m  a b o v e .
T h en  S c o n t a i n s  a n  i s e o m o r p h i c  im a g e  o f  I n  .
P r o o f . The m ax im a l  i d e m p o t e n t s  i n  E ( I n ) \ {1} a r e  t h e
p o i n t s  o f  t h e  f o r m  ( 1 , . . . , 1 , 0 , 1 , . . . , 1 ) w i t h  a l l  c o o r d i n a t e s
e q u a l  t o  1 e x c e p t  one  w h i c h  i s  z e r o .  I t  f o l l o w s  t h a t
t h e r e  a r e  n  m ax im al  i d e m p o t e n t s  i n  E ( S )  \  {1}.  D e n o t e
t h e  se  by  e  ^ , • . . ,  ©n  an d  f o r  1 <, i  <. n  , l e t
x^  e S \  { i j e ^  s u c h  t h a t  x j_e j_ = e j_ • S u ch  a n  e l e m e n t
e x i s t s  f o r  e a c h  i  s i n c e  e^  i s  n o t  i s o l a t e d  f r o m  a b o v e .
T h en  x .  ef E ( S )  and h e n c e  [x .  ] i s  a  u s u a l  t h r e a d  w i t h1 1
e n d p o i n t s  z^ and  u^  w h i c h  we w i l l  show a r e  e^  a n d  1 
r e s p e c t i v e l y .  We h a v e  x ^  — > z^ , a n d  x^ - e^  = e ^  f o r  
e a c h  p o s i t i v e  i n t e g e r  n  . I t  f o l l o w s  t h a t  z j_e j  = e j_ 
a nd  h e n c e  z^ = e^  by  t h e  m a x i m a l i t y  o f  e ^  . T h e n  
s i n c e  a n d u j_ ^  e i  > ^  mu s t  f o l l o w  t h a t
u^  — 1 . D e f i n e  cp : [ x 1 ] x [ x 2 1 x • • • *  t x n-^ — ^ S i n  
u s u a l  m a n n e r  so t h a t  cp i s  a  h om om orph ism .  The im a g e  o f  
cp i s  d i v i s i b l e  and  h e n c e  u n i q u e l y  d i v i s i b l e  a n d  c o n t a i n s  
E ( S ) s i n c e  E( S)  i s  i s o m o r p h i c  t o  E ( I n ) a nd  h e n c e  
i s  g e n e r a t e d  by  t h e  m ax im a l  i d e m p o t e n t s .  T h e r e f o r e
I E ( S ) |  = f e( I n ) |  and  I n  i s  i s e o m o r p h i c  t o
[x^ ] x . . . x [ x n ] • f o l l o w s  f r o m  T h eo rem  4 . 2 . 1 .  t h a t  
cp i s  o n e - t o - o n e  and h e n c e  a n  i s e o m o r p h i s m .
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4.3 HOMOMORPHISMS OP UNIQUELY DIVISIBLE SEMIGROUPS
I n  t h i s  s e c t i o n  we w i l l  i n t r o d u c e  t h e  n o t i o n  o f  a n  
E - d i v i s i b l e  s e m i g r o u p  a n d  show t h a t  e v e r y  hom omorphism  o f  
c e r t a i n  t y p e s  o f  UDS*s ( i n c l u d i n g  t h e  p r o d u c t  n - c e l l s )  
o n t o  E - d i v i s i h l e  s e m i g r o u p s  m u s t  he m o n o to n e  a nd  p r o v e  a  
p a r t i a l  c o n v e r s e  f o r  t h e  t w o - d i m e n s i o n a l  c a s e .  We o b s e r v e  
t h a t  i n  a  u n i q u e l y  d i v i s i b l e  s e m i g r o u p ,  S , t h e  e q u a l i t y
3? 1 —T*x x  = x  a l w a y s  h o l d s  f o r  a l l  x  e S a n d  a l l  p o s i t i v e
r a t i o n a l  n u m b e r s  r  . I f  we m e r e l y  r e q u i r e  t h a t  S be  
d i v i s i b l e ,  i t  i s  p o s s i b l e  t o  h a v e  a n  r ^*1 r o o t ,  y ^ , o f  x  
a nd  a  ( l - r )"*'*1 r o o t ,  y 2 , o f  x  s u c h  t h a t  y ^ y ^  /  x . W i t h  
t h i s  i n  m ind  we make t h e  f o l l o w i n g  d e f i n i t i o n :
D e f i n i t i o n  4 . 3 . 1 .  A d i v i s i b l e  s e m ig r o u p  S w i l l  be  
c a l l e d  E - d i v i s i b l e  i f  f o r  e v e r y  x  e S , a n d  e v e r y  p a i r  
o f  p o s i t i v e  i n t e g e r s  n , m ( n  > m ) , i f  y ^  = xm and  
y £  = xn - m , t h e n  y . ,y 2 = x  .
I n t u i t i v e l y ,  t h i s  s a y s  t h a t  t h e  p r o d u c t  o f  a n y
( S ) ’k*1 r o o t  o f  x w i t h  a n y  (1 -  r o o t  o f  x  i s
e q u a l  t o  x  .
D e f i n i t i o n  4 . 3 . 2 .  L e t  S .  be  a  c om p ac t  UDS s u c h  t h a t  
e a c h  s u b g r o u p  o f  S i s  t o t a l l y  d i s c o n n e c t e d .  F o r  
a , b  e S , T ( a , b )  = {at b 1“ t  | o < t  < 1} .
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S i n c e  [ a ]  i s  e i t h e r  a  u s u a l  t h r e a d  o r  a  p o i n t ,  d e p e n d i n g  
o n  w h e t h e r  a  £  E ( S )  o r  a  e B ( S ) ,  a^  i s  d e f i n e d  f o r  
e v e r y  p o s i t i v e  t  , a nd  we d e f i n e  a 0 = u  w h e re  u„  i scl d
t h e  i d e n t i t y  o f  [ a ] .  We n o t e  t h a t  T ( a , b )  i s  t h e  
c o n t i n u o u s  im age  o f  t h e  i n t e r v a l  [ 0 , 1 ] a n d  h e n c e  i s  
c o m p a c t  a n d  c o n n e c t e d .
T h eo re m  4 . 3 . 3 .  L e t  S he  a  c o m p a c t  UDS w i t h  i d e n t i t y  
s u c h  t h a t  e a c h  s u b g r o u p  o f  S i s  t o t a l l y  d i s c o n n e c t e d ,  
B p ( e ) ,  D ^ ( e )  a r e  c o n n e c t e d  f o r  e a c h  e £ E ( S ) ,  a n d  E( S )  
i s  c o m m u t a t i v e .  I f  f : S  — > T i s  a  hom om orphism  o n t o  a n  
E - d i v i s i b l e  s e m i g r o u p  T , t h e n  f  i s  m o n o to n e .
P r o o f .  We r e c a l l  f r o m  C h a p t e r  I  t h a t  f o r  a n  i d e m p o t e n t  e ,  
DR ( e )  = {x j xe  = e} a nd  PL ( e )  = {x | e x  = e } .  S u p p o se  
a , b  e S s u c h  t h a t  f ( a )  = f ( b )  and  l e t  m,  n  be  p o s i t i v e
m i _  m
i n t e g e r s  w i t h  n  > m . T hen  a 11 b n  e T ( a , b )  .
2  :n
We h a v e  ( a 11) = a m and  h e n c e
m m
f [ ( a n ) n ] = ( f ( a n ) } n  = f ( a m) = [ f  ( a )  f  . 
n-m
S i m i l a r l y  [ f ( b  n } ] n  = [ f ( b ) ] n_m = [ f ( a ) ] n " m . .
S i n c e  T i s  E - d i v i s i b l e ,  
m n-m
f ( a n ) • f ( b  n  ) = f ( a )  = f ( b ) . 
m n _ £
Yi nHence  f ( a  b ) = f ( a )  = f ( b )  a nd  s i n c e  t h e  p o i n t s  o f  
m 1 _ m
t h e  f o r m  a 11 b  n  , w h e re  n  > m , a r e  d e n s e  i n  T ( a , b ) ,
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i t  f o l l o w s  t h a t  f ( a )  = f ( b )  = f ( T ( a , b ) ) .
L e t t i n g  u  a n d  Un_ d e n o t e  t h e  i d e n t i t i e s  o f  [ a ]  and2, 0
[ h ]  r e s p e c t i v e l y ,  we h a v e  t h a t  f ( a )  = f ( u &a )  = f (u -a b )  , 
and  f ( h )  = f ( b u b ) = f ( a u ^ ) . T h e n  by  T h eo rem  1 , 2 , 3 ,  i t  
f o l l o w s  t h a t  t h e  s e t s  aD^Cu^) an d  ^ ( u ^ b  a r e  c o n t a i n e d  
i n  t h e  c o n g r u e n c e  c l a s s  o f  a  a n d  b .  The s e t  aD^Cu-^) 
i s  c o n n e c t e d  a n d  c o n t a i n s  a  and  au-^ . A l s o
D-p(u )b  i s  c o n n e c t e d  a n d  c o n t a i n s  b an d  u  b . A p p l y i n gll Si O'
t h e  f i r s t  p a r a g r a p h  o f  t h e  p r o o f  t o  a u ^  a n d  u &b , we
h a v e  f ( a )  = f ( b )  = f ( a u b ) = f ( u &b a )= f ( T ( a u ^ , u &b ) ) ,  B u t
T (au ,  , u „ b )  i s  c o n n e c t e d  and  c o n t a i n s  au, and  u  b .D ’ a  0 a
T h i s  f o l l o w s  s i n c e
*1 r\
( a u b ) ( u a b)  = ( a u b ) ( u a u b ) = ( a u a ) u fe = a u b ,
o "1and  s i m i l a r l y ,  ( a u ^ )  ( a a b )  = u &b . T hen
a D ^(u b)  U Djj(^a ) U T ( a u b , u a b)  i s  a  c o n n e c t e d  s e t  c o n t a i n i n g
a  and  b and  c o n t a i n e d  i n  t h e  c o n g r u e n c e  c l a s s  o f  a  and
b . I t  f o l l o w s  t h a t  f  i s  m o n o to n e .
C o r o l l a r y  4 . 3 . 4 .  I f  S a n d  f  a r e  a s  i n  t h e  p r e c e e d i n g  
t h e o r e m  and  T i s  u n i q u e l y  d i v i s i b l e ,  t h e n  f  i s  m o n o to n e .
C o r o l l a r y  4 . 3 . 5 .  I f  S i s  t h e  n - f o l d  p r o d u c t  o f  any  
c o m b i n a t i o n  o f  u s u a l  a n d  m in  t h r e a d s ,  T i s  E - d i v i s i b l e ,  
and f : S  — > T i s  a  hom om orph ism  o n t o  T , t h e n  f  i s  
m o n o t o n e .
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T heorem  4 . 3 . 5 .  l e t  S he  a  c o m m u t a t iv e  UDS w i t h  
i d e n t i t y  on  a  t w o - c e l l  w i t h  1 ( e )  c o n n e c t e d  f o r  e e E ( S ) ,  
a n d  l e t  f : S  — > T be a  m o n o to n e  hom omorphism  o f  S o n t o  
T . I f  f ( a )  = f ( b ) ,  f ( a )  £  f ( E ) , t h e n
f ( a )  = f ( b )  = f ( T ( a , b ) ) .
P r o o f .  We w i l l  f i r s t  show t h a t  i t  w i l l  n o t  a f f e c t  t h e  
v a l i d i t y  o f  t h e  p r o o f  i f  we assum e  t h a t  u & = u^  , i . e . ,  
[ a ]  and  [ b ]  h a v e  a  common i d e n t i t y .  O b s e r v e  t h a t , a s  
i n  t h e _ p r o o f  o f  t h e  p r o c e e d i n g  t h e o r e m ,  
f ( a )  = f ( b )  = f ( a u b ) = f ( u a b ) , a n d  t h a t  t h e  i d e n t i t y  o f  
e a c h  o f  [ a u ^ ]  and  [ ^ a 13] i s  "the e l e m e n t  u a u t  . F u r t h e r ­
m o r e ,  i t  i s  e a s y  t o  se e  t h a t  T ( a u b , u a b) = T ( a , b )  s i n c e  
( a u b ) t ( u a b ) 1 _ t  = ( a ^ )  ( u ^ 1""1) = ( a t u a ) ( u ^ b 1 ” t ) = a S 1^
f o r  a l l  t  s u c h  t h a t  0 <_ t  <_ 1 . We c o u l d  t h e n  r e p l a . c e
a  and  b by  a u b , u a b , and [ a u ^ ] ,  [ a a b ]  h a v e  a
common i d e n t i t y .  H e n c e ,  we w i l l  a ssum e  t h a t  u & = u b = u  .
2I f  e i t h e r  a  o r  b i s  i d e m p o t e n t , s ay  a  = a  , t h e n
a  = u and  f ( a )  = f ( b )  = f ( u ) . I t  f o l l o w s  t h a t
f ( a )  = f ( b )  = f ( [ b ] )  s i n c e  [ b ]  i s  e i t h e r  a  u s u a l  t h r e a d
o r  a  p o i n t .  But  c l e a r l y  T ( a , b )  c: [ b ]  s i n c e  a  = u  . We
now assum e  t h a t  a , b  f£ B( S )  . T h en  [ a ]  a n d  [ b ]  a r e
u s u a l  t h r e a d s .  D e f i n e  c p : [ a ] *  [ b ]  — > S by
q K a ^ j b ^ )  = a^b^ ; t h e n  cp i s  a  ho m o m o rp h ism .  I f  [ a ]
a nd  [ b ]  c o i n c i d e ,  t h e n  t h e  c o n c l u s i o n  o f  t h e  t h e o r e m  i s
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c l e a r .  I f  n o t ,  t h e n  t h e  image  o f  cp ( t h e  s e t  [ a ] » [ b ] )  i s  
u n i q u e l y  d i v i s i b l e  a n d  h e n c e ,  by  T heorem  4 . 2 . 2 ,  i s  t h e  
R e e s  q u o t i e n t  o f  [ a ] x  [ b ]  m odulo  one o f  t h e  i d e a l s  
[ a ] *  {za } x  [ b ] ,  ( [ a ]  x { z b }) U ( { z &} * [ b ] ) ,  o r
{ ( z a , Z b ) } .  u s  su P P ° se  t h a t
V ( [ a ] x  [ b 3) = ( [ a ] x  [ b 3) /  I  w h e r e  I  d e n o t e s  one  o f  t h e  
a f o r e - m e n t i o n e d  i d e a l s ,  and  l e t  C d e n o t e  t h e  c o n g r u e n c e  
c l a s s  (modulo  t h e  c l o s e d  c o n g r u e n c e  i n d u c e d  by f )  
c o n t a i n i n g  a  and  b . Then  we h a v e  t h a t  cp i s  o n e - t o - o n e  
on  [ a ]  x [ b ]  \  I  , a n d  s i n c e  n e i t h e r  a  n o r  b c a n  be  
t h e  z e r o  o f  [ a ] * [ b ] ,  i t  m us t  f o l l o w  t h a t  cp i s  o n e - t o - o n e  
on  t h e  s e t  cp~1 (C n [ a ] * [ b ] )  .
We w i l l  show t h a t  C fl [ a ] * [ b ]  i s  c o n n e c t e d .  The s e t  Sz
(w h e re  z = z &z b = t h e  z e r o  o f  [ a ] - [ b ] )  i s  a n  i d e a l  a n d
t h e r e f o r e  i s  c o n n e c t e d .  A lso  t h e  s e t  D( u )  i s  c o n n e c t e d  b y  
h y p o t h e s i s .  We c o n t e n d  t h a t  C fl (Sz U D( u ) )  = 0  . F i r s t  
s u p p o s e  t h a t  x  s C D S z ,  s a y  x = sz  . T h en  
f ( a )  = f ( x )  = f ( s z )  a n d  t h e r e f o r e
f ( a z )  = f ( x z )  = f ( s z z )  = f ( s z )  = f ( x )  = f ( a ) . B u t  a z  = z
w h i c h  i s  c o n t r a d i c t o r y  t o  t h e  h y p o t h e s i s  t h a t  f ( a )  0  f ( E ) .
Row s u p p o s e  x e C (1 D( u )  ; t h e n  x u  = u  . We h a v e  
f ( a )  = f ( x )  a n d  t h e r e f o r e  f ( a )  = f ( a u )  = f ( x u )  = f ( u ) , 
a g a i n  g i v i n g  a  c o n t r a d i c t i o n .  T h i s  e s t a b l i s h e s  t h e  
c o n t e n t i o n .  I t  i s  c l e a r  t h a t  C D B d ( [ a ] * [ b ] )  = { a , b}
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( w h e r e  B d ( [ a ] * [ b ] )  i s  t a k e n  w i t h  r e s p e c t  t o  a n  e m b e d d in g  
o f  [ a ] * [ b ]  i n  t h e  p l a n e ) .  Now i f  C 0 [ a ] * [ b ]  i s  n o t  
c o n n e c t e d ,  t h e n  t h e r e  i s  a n  a r c  T f r o m  u  t o  z c o n t a i n e d  
i n  [ a ] * [ b ]  s u c h  t h a t  C fl T = 0 . T h en  T U Sz U D( u )
s e p a r a t e s  S and  C fl (T U Sz U D( u ) )  = 0  » a n d  
f u r t h e r m o r e  T U Sz U D( u)  s e p a r a t e s  a  f o r m  b i n  S .
T h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  C i s  c o n n e c t e d .  We 
c o n c l u d e  t h e n  t h a t  C 0 [ a ] * [ b ]  i s  c o n n e c t e d .
— 1Now s i n c e  cp i s  o n e - t o - o n e  o n  cp (C fl [ a ] * [ b ] ) ,  i t  f o l l o w s  
~ *1t h a t  cp (G fl [ a ] * [ b ] )  i s  c o n n e c t e d .  A l s o ,
q T 1 (C fl [ a ] * [ b ] )  c o n t a i n s  t h e  p o i n t s  ( a , u )  a n d  ( u , b ) .
A p p l y i n g  T heorem  2 . 5 . 1 7 ,  we c o n c l u d e  t h a t
cp_ 1 (C fl [ a ] • [b ])  = T( ( a , u )  , ( u , b ) )
= { ( a , u ) t ( u , b ) 1“ t  | 0 < t  < 1 ]
= { ( a 11 , b 1 _ t ) | 0 < t  < 1 } .
T hen  C fl [ a ] * [ b ]  = cp (cp— 1 ( G fl [ a ] * [ b ] ) )
= {at b 1 _ t  | 0 < t  < 1) = T ( a , b )  c: C .
T h i s  c o n c l u d e s  t h e  p r o o f .
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